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ABSTRACT

Liquid sloshing poses challenges across various industries where free-
surface liquids can introduce unwanted dynamic effects. This phenomenon occurs
when liquid inside a container oscillates due to external disturbances or changes
in the container’s motion. This study proposes two distinct methods to execute the
liquid transfer task which considered actuator limit and output constraints. Firstly,
a flatness-based trajectory planning is proposed to ensure the system performance
during the transfering phase. Then, to cope with unmeasurable state variables and
disturbance, an extended state observer (ESO) is integrated. In this reserch we
proposed two different approaches for tracking control. The first one is Lyapunov-
based Model Predictive Control, which integrated a Lyapunov function as a con-
straint. The second proposed controller approach ehance the computational effi-
cient while having the ability to constraint the sloshing height. Integrating TSMC
with Control Barrier enhances robustness against model uncertainties and distur-
bances while maintaining safety by constraining the maximum sloshing height.
The effectiveness of the proposed control strategy is validated through numerical
simulations in MATLAB/Simulink.

Keywords: Sloshing Liquid, Flat Output, Flatness-based Trajectory, Extended
State Observer, Lyapunov-bases Model Predictive Control, Terminal Sliding Mode
Control, Control Barrier Function
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CHAPTER 1: GENERAL INTRODUCTION

1.1 Motivation

A common occurrence in many engineering systems, such as liquid-filled indus-
trial equipment, spacecraft, and automobile fuel tanks, is sloshing, or the dynamic
motion of liquid inside a container. Because of the major issues it presents, slosh-
ing prediction and control in these many sectors and applications require the high-
est attention. Uncontrolled sloshing can have serious consequences, including de-
creased performance, decreased stability, and possible harm to the system as a
whole or nearby buildings. Sloshing effects have a significant effect on vehicle
handling and maneuverability in the transportation sector. Sloshing-induced cen-
ter of gravity fluctuations in automobile gasoline tanks can negatively impact ve-
hicle dynamics, compromising fuel economy and posing safety risks. Comparably,
in the aerospace field, sloshing in rocket fuel tanks can cause instability during
launch and maneuvers while in orbit. These instabilities seriously compromise
crew safety in addition to endangering the mission’s success. Additionally, slosh-
ing significantly affects industrial equipment that holds liquids, such as oil storage
tanks and chemical processing vessels. In these situations, uncontrolled sloshing
can result in equipment damage, product loss, and even environmental risks.

Therefore, it is crucial to accurately forecast and effectively regulate sloshing
events. Through acquiring knowledge about the behavior and dynamics of slosh-
ing, engineers may create control systems that effectively lessen its negative im-
pacts. The use of predictive models and simulations is essential in comprehending
the behavior of sloshing under various circumstances and directing the develop-
ment of resilient control systems. exact control techniques can minimize distur-
bances, provide stable liquid containment, and allow for exact regulation of liq-
uid sloshing. System performance, economy, and safety may all be enhanced by
actively adjusting for sloshing dynamics and tracking intended trajectories pre-
cisely. Effective sloshing management reduces the possibility of spills or leaks
while maintaining the integrity of liquid containment, improving the stability and
performance of several engineering systems.

The practical requirements are to transmit containers so as to prevent excessive
liquid sloshing or vibrations, and also at the beginning and final positions, the
sloshing height has to be suppressed to a minimum to ensure the requirements of
the technological procedure.

1.2 Cylindrical liquid system modeling
1.2.1 Numerical methods
Finite element method (FEM) proposed [1, 2] to model the fluid–structure interac-
tion. The multi-body dynamics and solid mechanics modules were used to model
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the overall structure with a hinge. The container, and the fluid inside, was moved
by an input horizontal acceleration applied at the point A. The flow motion of the
incompressible fluids, water and air, was modeled using laminar single phase flow
module that solves the 2D Navier–Stokes equations. A negative vertical accelera-
tion was applied to simulate the gravitational effect.

In recent years, Smoothed Particle Hydrodynamics (SPH) has emerged as a

Figure 1.1: Mesh used in computational domain; 14 vortex elements, 434 boundary ele-
ments, and 3326 domain elements. [1]

promising approach for numerically simulating liquid sloshing phenomena. Its
strengths lie in effectively handling large deformations, free surfaces, phase in-
terfaces, and moving boundaries [3]. Traditional SPH techniques typically use a
uniform spatial resolution (USR), but as higher accuracy and larger simulation do-
mains are required, the computational expense grows significantly. To address this,
there is a study [4] presents a numerical method based on smoothed particle hy-
drodynamics with adaptive spatial resolution (SPH-ASR) for liquid sloshing. The
SPH-ASR method can adaptively adjust the spatial resolution based on the distance
to the free surface and the moving boundary.

Figure 1.2: Velocity vector diagram by SPH in [4]

1.2.2 Equivalent Mechanical Models approaches
Traditional models commonly used in the literature to study fluid motion—such
as mass-spring-damper and pendulum-based approaches. This approach offers
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a computational technique for predicting the maximum sloshing height of a
liquid within a container undergoing highly dynamic motion. The method strikes
a balance between simplicity and accuracy—avoiding the need for physical
experiments or real-system measurements, and eliminating the high computational
cost typically associated with computationally-demanding fluid dynamic (CFD)
simulations. Since Reference [5] shows that circumferential modes greater
than one are always negligible, sloshing suppression consider the liquid mo-
tion via a single sloshing mode only give even more efficient in computation.
Therefore, these are the method appropriate to apply model-based control methods.

Based on [5], some studies attempt to estimate sloshing height using basic
pendulum models [6], though they often lack detail regarding the accuracy and
limitations of this approach. The pendulum model can represent large slosh
motions, and the spherical pendulum models are more often used to emulate
nonlinear rotary sloshing [7]. However, estimating the sloshing height by means
of the tangent of the pendulum angles may lead to singularity conditions when
the container acceleration is high, since in this case these angles can approach 900

and the tangent tends to assume unrealistic high values. It is shown that the maxi-
mum accelerations for the validity of this model are between 1.2 m/s2 and 2.3 m/s2.

Figure 1.3: Pendulumn model in [8]

A more novel approach, based on the mass–spring–damper model, is proposed in
[8] for the sloshing-height estimation. Then this research direction has been stud-
ied further in [9]. This model can be exploited for assessment or optimization
purposes. Experiments performed with a robot following different paths are de-
scribed and also comparisons between experimental results and model predictions
are very accurate compared to pendulum models. It is fairly precise for container
accelerations up to (roughly) 10 m/s2. Based on its advantage, this model is used
in this thesis.
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(a) Side view (b) Top view

Figure 1.4: Mass-spring-damper models from [8]

1.3 Motion planning in the literature

1.3.1 Input command method
References [10, 6] suggest using input-shaping techniques, which involve peak-like
inputs at specific time intervals, to cancel residual oscillations and suppress slosh-
ing during liquid container movement. For vibration suppression, input filtering
methods such as the ZVD (Zero Vibration Derivative) filter are commonly used,
acting as notch filters. In [1], a robust input command is proposed, consisting of
multiple steps, to eliminate residual vibrations in a multimode linear system. The
step magnitudes in the shaped command are determined using only the system’s
resonant frequencies. The duration of the command is adjustable, allowing for the
design of an optimal command that balances the reduction in transient vibrations,
improvements in command robustness, and the increase in overall maneuver time.

1.3.2 Optimization-based approach
Numerous studies have explored optimization-based methods for generating mo-
tion trajectories and solving optimal control problems aimed at achieving rapid
rest-to-rest transitions with minimal liquid sloshing. These methods vary widely in
terms of sloshing model accuracy and optimization strategies, yet they all revolve
around minimizing a cost function that accounts for the relative motion between
the liquid and container.
In [11], minimum-time and minimum-energy trajectories are explored for a single-
mode slosh model, revealing that while time-optimal solutions are sensitive to
modeling inaccuracies, energy-optimal ones are more robust due to their extended
duration. For systems where the container is underactuated, [12] proposes an iter-
ative Riccati-based optimal controller, refined through successive linearization of
the nonlinear plant. Meanwhile, [13] introduces a novel control strategy by model-
ing the container as if mounted on a spherical pendulum. By using the pivot’s ac-
celeration as a virtual input and applying quadratic programming, the method pro-
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duces smooth, efficient transfer motions with minimal sloshing. This approach is
also adopted and enhanced in this thesis. Notably, in [14], a nonlinear mass-spring-
damper model is utilized as a predictive tool for constrained optimization. The
study focuses on planning time-optimal trajectories for an industrial robot trans-
porting a cylindrical container partially filled with liquid, while enforcing sloshing
constraints during 1D and 2D planar movements of the container. This approach
leads to low sloshing and is adopted and extended in this thesis.

1.3.3 Flatness-based approach
A foundational reference in this field is [15], which introduces differential flatness
as a powerful tool for addressing nonlinear control problems. It includes examples
such as the control of a gantry crane, where rest-to-rest motion planning becomes
straightforward once a flat output is known. This concept is expanded in the study
[16] to achieve rest-to-rest maneuvers for the virtual pendulum system.
For the mass-spring-damper model, there is a only study [17] that suggests a flat
output for the mass-spring-damper linear model, yet there is no evidence in the
literature that the flatness-based method nonlinear mass-spring-damper can be ap-
plied successfully until [18, 19]. Inspired by [17], the authour proposes approxi-
mate flat outputs within nonlinear models of sloshing liquids while also identifying
key factors and evaluating their influence to address the practical issue. By using
the flat output variables, a time optimal trajectory can be generated by numerical
methods.

1.4 Controller design in related works
1.4.1 Feed-forward control
Input shaping has emerged as a potential solution for controlling liquid sloshing.
This method works by generating a desired control signal with a series of pulses,
resulting in a new control signal that minimizes residual vibrations. In [10], the
effectiveness of this method was experimentally verified and this method has vari-
ous solutions that can be applied to specific situations for velocity optimization or
vibration optimization. However, all of these studies employ feed-forward control
laws without feedback control loops. This can lead to inaccuracies in controlling
fluid sloshing when the objective is to move the container from a starting point to
an endpoint.
In recent years, there have been many research papers on seeking the flat output
of the system, as the flatness property has been proven to be a strong tool for
computing and controlling nonlinear systems [20, 21, 15]. In [16] introduces
an advanced feed-forward control method to suppress sloshing in high-speed
liquid container transfers for robotic systems. It combines a virtual pendulum
tray to reduce sloshing by moving only the virtual pivot, a geometric condition to
suppress specific sloshing modes, and an analytic feed-forward trajectory control
based on differential flatness to design efficient rest-to-rest transport maneuvers.
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The proposed control law is computationally simple and effectively eliminates
higher-mode sloshing.

1.4.2 Feed-back control

There are mismatches between the actual plant and the mathematical model due
to the discrete equivalent model, the complex dynamics of water, and other uncer-
tainties. The Sliding Mode Control (SMC) technique is one such approach to ro-
bust control controller design that ensures required performance levels despite such
variations [22] [23]. Additionally, SMC has been used with the generic design ap-
proach under investigation for a variety of system types, including nonlinear slosh-
ing systems [24]. Especially when combined with the Extended State Observer
(ESO). It is among the most well-known and robust control techniques for uncer-
tain nonlinear systems. Several system types have benefited from the extensive
development and use of this sophisticated method; see, for instance, [25]. Through
the combination of Control Barrier Function (CBF) and Quadratic Programming
(QP) [26], this methodology may be easily applied to a variety of controller types.
One of the most important benefits of using CBF is that it may produce a control
signal that maintains intended behavior and system stability while still adhering
to predetermined output restrictions. The combination of Sliding Mode Control,
Extended State Observer have been successfully applied for liquid sloshing system
in [19].
For advance control method, the author has proposed Lyapunov-based Model Pre-
dictive Control for tracking trajectory and constraint the liquid sloshing height [18].
This controller has the combination between unique capacity to maintain system
constraints and prediction while ensure stability and resilience of the traditional
SMC . In [27] presents an Optimal Fuzzy Sliding Mode (OFSM) controller de-
signed to manage fuel sloshing in spacecraft during orbital maneuvers. The con-
troller’s gains are optimized using a Particle Swarm Optimization (PSO) algorithm,
and a novel gain scheduling approach is developed for the coupled spacecraft-fuel
system. The fuzzy gains are dynamically produced based on system variables and
sliding surface saturation functions. In [28] presents a new approach to reducing
liquid sloshing and uncertainty in container systems, particularly in dynamic en-
vironments such as aerospace and high-speed industries. The research applies an
adaptive robust wavelet control technique to handle the coupling of dynamic slosh
and uncertainties from sensors or dampers, which is typically a highly nonlinear
system. By developing a mathematical model for the nonlinear slosh and uncer-
tainty, the paper uses wavelet transform to compute optimal motion that minimizes
residual slosh and uncertainty.
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1.5 Scope of the research

1.5.1 Reserch gap
• Flatness-based trajectory planning offers an efficient alternative that lever-

ages system dynamics to derive simple control laws. These can be used to
generate rest-to-rest trajectories or solve time-optimal trajectory problems
more effectively, especially in complex environments. While nonlinear mass-
spring-damper equivalent model show it potential to predict the cylindrical
liquid dynamic. However, to the best of the author’s knowledge, a flatness-
based trajectory design for the mass-spring-damper model that addresses
sloshing constraints has yet to be explored.

• Most existing studies on anti-sloshing primarily focus on suppressing liquid
motion at the final state of the maneuver. However, during rapid acceleration,
the sloshing height can become so significant that the liquid may spill out of
the container entirely. For feedback control, the author recognizes that ex-
plicit constraints on sloshing height should be taken into account and further
investigated.

• A comprehensive control architecture for cylindrical liquid container systems
remains under explored. While individual strategies such as motion planning
or feedback control have been studied extensively, an integrated framework
that combines both remains limited. Such a unified approach could signifi-
cantly enhance system performance by leveraging trajectory planning for an-
ticipatory motion shaping and feedback control for real-time correction under
disturbances and uncertainties. In particular, motion planning can proactively
minimize sloshing by optimizing the container path, while feedback control
can ensure robust stability and constraint satisfaction, especially under mod-
eling errors or external disturbances. Studying this combined architecture
is crucial for applications requiring fast and precise liquid transport, where
both performance and safety (e.g., slosh height limits) must be maintained
throughout the entire maneuver.

1.5.2 Main contribution
To fill in the gap, this thesis builds upon my previous work [18, 19], consolidating
and presenting the core contributions from those studies in a structured manner.

• This study introduces, the flatness characterization of the approximate slosh-
ing model. It then develops a flatness-based trajectory planning method
aimed at improving system performance and reducing sloshing effects. Two
different strategies—rest-to-rest interpolation and time optimization—are
proposed to generate these flat-based trajectories.

7



• The Extended State Observer (ESO) is used to estimate combined distur-
bances and model uncertainties. It also provides necessary state informa-
tion for controlling the liquid system, which might not be directly accessible
through sensors.

• The Lyapunov-based Model Predictive Control (LMPC) approach, intro-
duced in [26], integrates concepts from both MPC and SMC. This method not
only guarantees accurate trajectory tracking and control signal convergence
but also enables the handling of complex systems with multiple constraints,
offering a more robust and efficient control strategy.

• The second proposed controller approach ehance the computational efficient
while having the ability to constraint the sloshing height. Integrating TSMC
with Control Barrier Functions (CBF) enhances robustness against model
uncertainties and disturbances while maintaining safety by constraining the
maximum sloshing height. The barrier function is carefully analyzed to en-
sure these constraints are upheld, even in the presence of estimation errors.

1.5.3 Thesis structure
• Chapter 1 General Introduction: state the problem, summarize the pub-

lished works, and then give the proposed plan of the thesis to solve the prob-
lem.

• Chapter 2 Mathematical Model: present the equivalent discrete liquid
sloshing non-linear mass-spring-damper model, introduce the flat output of
the system; sloshing suppression problem is considered as a flatness-based
trajectory planning problems.

• Chapter 3 Control Methodology: Introduce the control algorithms, which
includes ESO observer for estimate the lumped disturbances/uncertainties
and unmeasured states, then Lyapunov-based Model Predictive Control, SMC
controller and safety control CBF are introduced respectively.

• Chapter 4 Numerical Simulation: The effectiveness of the proposed ap-
proaches is shown through numerical simulations and comparisons.

• Conclusion: Conclude results and suggestions for future developments are
given.
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CHAPTER 2: MODELING

Modeling objective: Chapter 2 introduces the Equation of Motion (EoM) of cylin-
drical liquid sloshing system. Since all the proposed control methods in this thesis
are model-based approach, therefore this would be the mathematical model that
everything are build on. Also, in this section the approximate flat output of the
system is introduced. By figuring out the approximate flat output of the system,
two methods for motion planning can be applied. If we want to construct a trajec-
tory whose final conditions do not result in a sloshing phenomenon robustly and
whose computational efficiency is highly appreciated, then a rest-to-rest trajectory
can be applied. This thesis also presents the geometric and quantitative constraints
for more complex situations. Also, a typical method for determining reference
trajectory is the optimal control approach, specifically in this study, finding the
control that minimizes the total approach time to an a priori given trajectory. By
representing the system in the Brunovsky form, the original nonlinear dynamics
are transformed into an equivalent set of linear kinematics, which is well-suited for
trajectory planning and applying desired constraints. In the time-optimal trajectory,
however, the sloshing phenomenon, in which vibration remains below some toler-
able level, may occur in the final position. But this problem could be overcome by
the controller, which is represented in Section.

2.1 Mathematical of cylindrical liquid container system

sloshing surface
tank

static level

2R

h

η̄

Excitation

O

x

y

z

yG
xG G

yG

tankR

O

x

y

z

G

m0

mn

αn,kn

cn

h0

hn

Figure 2.1: Non-linear equivalent model and representation of the free surface

In this study, our object is a cylindrical container of radius R, filled with a liquid of
height h and mass mF . There are two main components in the model, rigid mass
m0 and moving masses mn. The overall mass of liquid calculated according to two
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models must be preserved:

mF = m0 +
∞

∑
n=1

mn (2.1)

The n-th sloshing mass mn can be calculated as:

mn = mF
2R

ξ1nh(ξ 2
1n −1)

tanh
(

ξ1n
h
R

)
(2.2)

The analysis of the homogeneous response of the continuum model provides the
so-called sloshing modes. To equivalent with the sloshing dynamic, each mn is
attched with a spring kn and a damper cn. The natural frequency for mode mn is:

ω
2
n =

gζ1n

R
tanh

(
ζ1n

h
R

)
(2.3)

In Equation (2.3), (2.2) ξ1n is a constant parameter known for every sloshing mode,
which represents the root of the derivative of the Bessel function of the first kind
concerning the radial coordinate r, for the 1st circumferential mode and the n-th
radial mode, and g is the gravity acceleration. According to [29], the damping
ratio can be estimated based on the liquid height h, liquid kinematic viscosity ν ,
and tank diameter R.

ζn =
2.89

π

√
ν

R3/2g1/2 (2.4)

The behavior of the liquid’s free surface can be categorized into three dynamic
regimes, each associated with a specific model of increasing complexity. In the
linear regime, the container undergoes small accelerations and mild oscillations,
causing the free surface to remain approximately flat. In the weakly non-linear
regime, the amplitude of oscillation becomes significant and approaches the
system’s natural frequencies, resulting in a distorted surface shape and the emer-
gence of rotary sloshing effects. Finally, in the strongly non-linear regime, the
free surface is subjected to extreme accelerations and strong impacts against the
container walls.

In packaging applications, the strongly non-linear case is both rare and too
complex for practical use. Meanwhile, the linear regime is well-understood
and commonly used in industrial settings. Consequently, this study focuses on
the intermediate, weakly non-linear regime to enable a more refined analysis.
In this situation, the sloshing mass mn moving along a parabolic surface, with
an attached nonlinear spring exerts forces αnknx2w−1

n and αnkny2w−1
n in the x

and y direction respectively and αnknr2w−1
n in the radial direction in the radial

generalized coordinate rn. The parabolic surface’s analytical formula is given as
follows:

zn =
ω2

n

2g

(
x2

n + y2
n
)

(2.5)
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Take the time derivative of Equation :

żn =
ω2

n

g
(xnẋn + ynẏn) (2.6)

We use the Euler-Lagrange Equation to obtain the equation of motion:
d
dt

(
∂T

∂ ẋn
− ∂V

∂ ẋn

)
− ∂T

∂xn
+

∂V

∂xn
=−∂D

∂ ẋn
d
dt

(
∂T

∂ ẏn
− ∂V

∂ ẏn

)
− ∂T

∂yn
+

∂V

∂yn
=−∂D

∂ ẏn

(2.7)

where:
T is the kinetic energy of the n-th sloshing mass, computed by its velocity
[ẋn ẏn żn]

T and [ẋ0 ẏ0]
T :

T =
1
2

mn
[
(ẋ0 + ẋn)

2 +(ẏ0 + ẏn)
2 + ż2

n
]

=
1
2

mn

[
(ẋ0 + ẋn)

2 +(ẏ0 + ẏn)
2 +

ω4
n

g2 (xnẋn + ynẏn)

] (2.8)

V is the potential energy considers the contribution of gravity and the non-linear-
spring:

V= mgzn +
∫ rn

0
αnknr2w−1

n drn = mg
ω2

n

2g
(x2

n + y2
n)+

αnkn

2w
(x2

n + y2
n)

w (2.9)

D is the Rayleigh function that accounts for energy dissipation:

D=
1
2

cn(ẋ2
n + ẏ2

n + ż2
n) = mnζnωn

[
ẋ2

n + ẏ2
n +

ω2
n

g
(xnẋn + ynẏn)

]
(2.10)

Expand (2.7) with above T,V and D functions, setting β =
w4

n

g2 , we obtain 2 coupled

EOMs for the NL model:

(
1+βx2

n
)

ẍn +βxnynÿn +
(
2wnζn

(
1+βx2

n
)
+βxnẋn

)
ẋn

+(2wnζnβxnyn +βxnẏn) ẏn +w2
nxn

(
1+

αn

R2 (x
2
n + y2

n)
)

=−ẍ0

βxnynẍn +
(
1+βy2

n
)

ÿn +(2wnζnβxnyn +βynẋn) ẋn

+
(
2wnζn

(
1+βy2

n
)
+βynẏn

)
ẏn +w2

nyn

(
1+

αn

R2 (x
2
n + y2

n)
)
=−ÿ0

(2.11)

Remark 1. The first and second equation in (2.11) represents the oscillation of the
moving mass mn along the x-axis and y-axis, the left side are the accelerations that
is applied to the tank respectively. Simultaneously, the similar component between
two equations, interleaved by xn, yn, and their higher derivatives describes the
impact of one direction to another, also called: the phenomenon of rotary sloshing.
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For the nonlinear model, if we consider the x-axis, according to [30], using coordi-
nate conversion from Cartesian coordinates (x, y) to polar coordinates (r, θ), the
free surface shape η (r, θ) is obtained by the below equation with :

η (r, θ) =
∞

∑
n=1

ηn

J1

(
ξ1n

r
R

)
J1 (ξ1n)

cos(θ) (2.12)

To generalize, it is reasonable to assume that the liquid is oscillating in an arbitrary

direction, which forms an angle θn = arctan
(

yn

xn

)
. Turning to the 2D case and

shifting the r-axis to the general polar coordinate, the equation (Eq. 2.12) can be
rewritten:

η (r, θ) =
∞

∑
n=1

ηn

J1

(
ξ1n

r
R

)
J1 (ξ1n)

cos(θ −θn) (2.13)

J1 is the Bessel function of order 1. According to the study [31], setting rn =√
x2

n + y2
n in the polar coordinates, then the conservation of the center of gravity

radial coordinate rG

rGmF =
∞

∑
n=1

rnmn (2.14)

Considering a cylindrical container filled with a liquid of height h, then rG could
be computed as:

rG =
1

πR2h

∫ R

0

∫ 2π

0

∫ h
2+η(r, θ , ηn)

−h
2

r2 cos(θ −θn)dzdθdr

=
1

πR2h

∫ R

0

∫ 2π

0

∫ h
2+∑

∞
n=1 ηn

J1(ξ1n
r
R)

J1(ξ1n)
cos(θ−θn)

−h
2

r2 cos(θ −θn)dzdθdr =
R
h

∞

∑
n=1

ηn

ξ 2
1n

(2.15)
Then the formulation of the n-th maximum sloshing height is given by:

ηn =
ξ 2

1nhmn

mFR
rn =

ξ 2
1nhmn

mFR

√
x2

n + y2
n (2.16)

Set two specific points in the surface which are the sloshing height at the wall
container:

ηx = η (R,0) =
∞

∑
n=1

ηn cos(θn)

ηy = η

(
R,

π

2

)
=

∞

∑
n=1

ηn cos
(

π

2
−θn

)
=

∞

∑
n=1

ηn sin(θn)

(2.17)

Only consider n = 1, replacing the components in (Eq. 2.17) with (Eq. 2.16), we
obtain

ηx =
∞

∑
n=1

ξ 2
1nhmn

mFR
rn cos(θn) =

∞

∑
n=1

ξ 2
1nhmn

mFR
xn

ηy =
∞

∑
n=1

ξ 2
1nhmn

mFR
rn sin(θn) =

∞

∑
n=1

ξ 2
1nhmn

mFR
yn

(2.18)
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Since the higher sloshing masses mn rapidly drop for modes greater than one, the
total sum of sloshing heights of these modes is negligible.

Remark 2. This thesis only considers the first sloshing mode n = 1 for the sake of
simplicity. Contributions of other modes can be deemed as disturbances [5]. These
above equations show the output sloshing height of the system at the two mentioned
points is proportional to imaginary displacements xn and yn of sloshing mass.

The position of the liquid container across the (x0,y0) plane can calculated by
solving the aforementioned Equations of Motion. The input of the sloshing system
is the external acceleration applied to the x and y axes. The ideal dynamic equation
of the sloshing model can be formulated in the matrix

MMM(qqq)q̈qq + CCC(qqq, q̇qq)q̇qq+GGG(qqq) = JJJuuu (2.19)

with

MMM(qqq) =


m11 m12 0 0
m21 m22 0 0

0 0 1 0
0 0 0 1

 qqq =


x1

y1

x0

y0

 uuu =

[
ux

uy

]

CCC(qqq, q̇qq) =


c11 c12 0 0
c21 c22 0 0
0 0 0 0
0 0 0 0

 GGG(qqq) =


g11

g21

0
0

 JJJ =

[
−III2

III2

]

m11 = 1+βx2
1

m12 = m21 = βx1y1

m22 = 1+βy2
1

c11 = 2ωnζn
(
1+βx2

1
)
+βx1ẋ1

c12 = 2ωnζnβx1y1 +βx1ẏ1

c21 = 2ωnζnβx1y1 +βy1ẋ1

c22 = 2ωnζn
(
1+βy2

1
)
+βy1ẏ1

g11 = ω
2
n x1

(
1+

αn

R2 (x
2
1 + y2

1)
)

g21 = ω
2
n y1

(
1+

αn

R2 (x
2
1 + y2

1)
)

2.2 The non-flatness of the cylindrical liquid system

Definition 1. According to [15], the explicit system ẋxx = fff (xxx,uuu) with xxx ∈ Rn, uuu ∈
Rm is differential flat if there exists a flat output yyy ∈ Rm in the form:

zzz = Ξ

(
xxx,uuu, u̇uu, · · · ,uuu(i)

)
such that:

xxx = Ξx

(
zzz, żzz, · · · ,zzz(r)

)
uuu = Ξu

(
zzz, żzz, · · · ,zzz(r+1)

) (2.20)

where Ξ, Ξxxx and Ξuuu are smooth functions.
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The non-flatness of the nonlinear mass-spring-damper system in 1D could be prove
in any sloshing mode nth. Rewrite the liquid sloshing system (Eq. 2.19)as follows:

(
1+βx2

n
)

ẍn +
(
2ωnζn

(
1+βx2

n
)
+βxnẋn

)
ẋn

+ω
2
n xn

(
1+

αn

R2 x2
n

)
=−ẍ0

ẍ0 = ux

(2.21)

To transform the system (Eq. 2.21) into the implicit system F (xxx, ẋxx), we introduce
an auxiliary variable

wn = ẋn +βx2
nẋn + ẋ0

ẇn0 =
(
1+βx2

n
)

ẍn +2βxnẋ2
n + ẍ0

(2.22)

Considering the first equation in (Eq. 2.21), then we obtain the implicit system
F (xxx, ẋxx) = 0 where xxx = [xn, wn]

T

ẇn0 +2ωnζn
(
1+βx2

n
)

ẋn −βxnẋ2
n +ω

2
n xn

(
1+

α

R2 x2
n

)
= 0 (2.23)

According to [32], we recognize the ruled manifold criterion as follows:

Theorem 1. If System (Eq. 2.21) is flat there exists q non-zero independent vector
fields g1, . . . ,gq with 1 ≤ q ≤ m, where m is the number input variables, such that

F

(
xxx, ẋxx+

q

∑
j=1

λ jggg j

)
= 0 (2.24)

for all (x, ẋ, . . .) in an open dense subset of X, and all λ = (λ ,λ2, . . .) in a neigh-
borhood of the origin of Rq. Thus, to prove that the liquid sloshing model is not
flat, one could show that it is impossible to find such a nonzero ggg vector.

PROOF. By application of Theorem 1, we could prove that the liquid sloshing
model is not flat. Denote ggg = [gx,gw]

T . Stemming from the fact that F (xxx, ẋxx) = 0
and F (xxx, ẋxx+λggg) = 0, we have

(ẇn0 +λgw)+2ωnζn
(
1+βx2

n
)
(ẋn +λgx)

−βxn (ẋn +λgx)
2 +ω

2
n xn

(
1+

α

R2 x2
n

)
= 0

(2.25)

then (
ẇn0 +2ωnζn

(
1+βx2

n
)

ẋn −βxnẋ2
n

+ω
2
n xn

(
1+

α

R2 x2
n

))
+λ

(
gw +2ωnζn

(
1+βx2

n
)

gx −2βxnẋngx
)

−λ
2 (

βxng2
x
)
= 0

(2.26)

Since the 0th-order term is equal to zero according to (Eq. 2.23), we get the fol-
lowing second-degree polynomial with respect to λ

λ
(
gw +2ωnζn

(
1+βx2

n
)

gx −2βxnẋngx
)
−λ

2 (
βxng2

x
)
= 0 (2.27)
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Thus the coefficients of λ 2 and λ have to vanish identically, i.e. gx = 0 and thus
gw = 0. Therefore, there exists no vector different from 0 such that F (xxx, ẋxx+λggg) =
0 is satisfied for all λ ∈ R, which proves that the ruled manifold criterion is not
satisfied. Hence the sloshing liquid system is not flat.

2.3 Flat output of approximate cylindrical liquid system
2.3.1 General case
From (Eq. 2.19), we can rewrite the liquid sloshing model as follows:

(
ẍ1 +2ω1ζ1ẋ1 +ω2

1 x1
)
+β

(
1
2

x2
1ẍ1 +ω1ζ1x2

1ẋ1 + x1ẋ2
1 +

1
6

ω2
1 x3

1

)
+dx1 =−ẍ0(

ÿ1 +2ω1ζ1ẏ1 +ω2
1 y1
)
+β

(
1
2

y2
1ÿ1 +ω1ζ1y2

1ẏ1 + y1ẏ2
1 +

1
6

ω2
1 y3

1

)
+dy1 =−ÿ0

ẍ0 = ux

ÿ0 = uy
(2.28)

Where the term dx1 and dy1 contain the inertial cross-coupling terms, and small
nonlinear terms which are difficult to handle

dx1 = βx1

(
y1ÿ1 + ẏ2

1 +2ω1ζ1y1ẏ1 +ω
2
1

α1

βR2 y2
1

)
+ω

2
1

(
α1

R2 −
β

6

)
x3

1 +
1
2

βx2
1ẍ1 +

1
2

ω1ζ1x2
1ẋ1

dy1 = βy1

(
x1ẍ1 + ẋ2

1 +2ω1ζ1x1ẋ1 +ω
2
1

α1

βR2 x2
1

)
+ω

2
1

(
α1

R2 −
β

6

)
y3

1 +
1
2

βy2
1ÿ1 +

1
2

ω1ζ1y2
1ẏ1

(2.29)

We consider ∥x1∥ ≤ ε → 0 and ∥y1∥ ≤ ε → 0. Assume the derivatives ẋ1, ẏ1,
ẍ1, and ÿ1 are bounded in a neighborhood of the origin; i.e., there exist constants
M1,M2,M3,M4 > 0 and ε0 > 0 such that for all 0 < ε < ε0:

|ẋ1| ≤ M1, |ẏ1| ≤ M2, |ẍ1| ≤ M3, |ÿ1| ≤ M4. (2.30)

Then, all terms in the expressions for dx1 and dy1 are bounded by functions propor-
tional to ε , ε2, or ε3. Therefore, we conclude:

dx1 = O(ε), dy1 = O(ε), as ε → 0, (2.31)

which implies that both dx1 and dy1 remain bounded around zero and vanish at least
linearly as ε → 0. Then we could ignore dx1 and dy1 term in the motion planning
phase. Introduce auxiliary variable as follows:

vx1 = x1 +
β

6
x3

1

v̇x1 = ẋ1 +
1
2

βx2
1ẋ1

v̈x1 = ẍ1 +βx1ẋ2
1 +

1
2

βx2
1ẍ1

(2.32)
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and

vy1 = y1 +
β

6
y3

1

v̇y1 = ẏ1 +
1
2

βx2
1ẋ1

v̈y1 = ÿ1 +βy1ẏ2
1 +

1
2

βy2
1ÿ1

(2.33)

Firstly, I want to confirm that two functions vx1 = f (x1) and vy1 = f (y1) are injec-
tive functions. This relationship can be verified if f (a1) = f (a2) implies a1 = a2.
Suppose f (a1) = f (a2), that means:

a1 +
β

6
a3

1 = a2 +
β

6
a3

2 (2.34)

Bring everything to one side:

(a1 −a2)+
β

6
(a1 −a2)

(
a2

1 +a1a2 +a2
2
)
= 0 (2.35)

Factor out (a1 −a2):

(a1 −a2)

(
1+

β

6
(
a2

1 +a1a2 +a2
2
))

= 0 (2.36)

Since it is easy to prove that
(

1+
β

6
(
a2

1 +a1a2 +a2
2
))

> 0, we can imply that

vx1 = f (x1) and vy1 = f (y1) are injective functions.

Denoting vvv1 =
[
vx1 vy1

]T
, qqq0 =

[
x0 y0

]T
and ddd1 =

[
dx1 dy1

]T

{
v̈vv1 +2ω1ζ1v̇vv1 +ω2

1 vvv1 +ddd1 =−uuu

q̈qq0 = uuu
(2.37)

Ignoring dx1 and dy1, we have the linear approximate sloshing system as below:{
v̈vv1 +2ω1ζ1v̇vv1 +ω2

1 vvv1 =−uuu

q̈qq0 = uuu
(2.38)

Remark 3. It is important to notice that the model error of (Eq. 2.38) is signif-
icantly small because one could choose the maximum sloshing height ε = ηmax

small enough and dn contain mainly ε2 and ε3 terms. In addition, the approx-
imate model still retains nonlinear properties. As a consequence, the proposed
approximate model could be applied to larger and more complicated oscillations
compared to linear models. Therefore, the flat output of this approximate model
could be applied in the trajectory phases for the liquid sloshing system (Eq. 2.19).

Theorem 2. By Definition 1, the flat output of the system 2.38 is:

zzz = qqq0 −
2ζ1

ω1
q̇qq0 +(1−4ζ

2
1 )vvv1 −2

ζ1

ω1
v̇vv1 (2.39)
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all the state variable and control input could be expressed as a function of zzz =[
z1 z2

]T
and its higher-order derivatives.

PROOF. Taking the first time and the second derivative of the flat output{
żzz = q̇qq0 +2ω1ζ1vvv1 + v̇vv1

z̈zz =−ω2
1 vvv1

(2.40)

Then we could express vvv1, v̇vv1 and v̈vv1 by yyy higher-order derivative as follows
vvv1 =−z̈zz/ω2

1

v̇vv1 =−zzz(3)/ω2
1

v̈vv1 =−zzz(4)/ω2
1

(2.41)

Using these relationships in Equation 2.41, we can imply the function of ẋ0 and ẏ0

by flat output in Equation 2.40

q̇qq0 =
yyy(3)

ω2
1
+

2ζ1

ω1
ÿyy+ ẏyy (2.42)

Then the below function of x0, ẍ0, y0 and ÿ0 can be inferred from Equations 2.39
and 2.42. 

qqq0 =
1

ω2
1

z̈zz+
2ζ1

ω1
żzz+ zzz

q̈qq0 =
1

ω2
1

zzz(4)+
2ζ1

ω1
zzz(3)+ z̈zz

(2.43)

Above are all the functions xxx = Ξxxx

(
zzz, żzz, · · · ,zzz(r)

)
and uuu = Ξuuu

(
zzz, żzz, · · · ,zzz(r+1)

)
, so

the condition of Definition 1 is satisfied.This is the end of the proof. Given that the
system in Equation 2.38 approximates the system in Equation 2.19, the proposed
flat output may serve as an approximate flat output for motion planning.

2.3.2 Moving in a straight line case
If between different processes there are no obstacles in the trajectory, the con-
tainer can move in a straight line, and the phenomenon of rotary sloshing can be
neglected.

y1 = tan(θ1)x1 = αxx1

ÿ0 = tan(φ)ẍ0 = αxẍ0
(2.44)

where αx is a constant and φ = θ1 or φ = θ1 +π . Then the proposed flat output of
approximate liquid sloshing system could be more accurate if we set the variable
as follow y1 = tanθ1x1 = αxx1 and x1 = cotθ1 y1 = αyy1. For simplification, we
denote such as β1 =

(
1+α2

x
)

β , αx1 = α1
(
1+α2

x
)
. Without loss of generality, the

problem in 2D space can be reduced to the problem in 1D space since the container
is moving forward in the predetermined φ to each other, consider the x-axis(

1+βx2
1
)

ẍ1 +βα
2
x x2

1ẍ1 +
(
2ω1ζ1

(
1+βx2

1
)
+βx1ẋ1

)
ẋ1

+
(
2ω1ζ1βαxx2

1 +βαxx1ẋ1
)

αxẋ1 +ω
2
1

(
1+

α1

R2

(
x2

1 +α
2
x x2

1
))

x1 =−ẍ0
(2.45)
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Transforming from the above equation, we could obtain(
ẍ1 +2ω1ζ1ẋ1 +ω

2
1 x1
)
+β1

(
1
2

x2
1ẍ1 +ω1ζ1x2

1ẋ1 + x1ẋ2
1 +

1
6

ω
2
1 x3

1

)
+ω

2
1

(
αx1

R2 − β1

6

)
x3

1 +
1
2

β1x2
1ẍ1 +

1
2

ω1ζ1x2
1ẋ1 =−ẍ0

(2.46)

setting dx1 = ω2
1

(
αx1

R2 − β1

6

)
x3

1 +
1
2

β1x2
1ẍ1 +

1
2

ω1ζ1x2
1ẋ1. If we consider ∥x1∥ ≤

ε → 0 then

lim
ε→0

dx1 = lim
ε→0

ω
2
1

(
αx1

R2 − β1

6

)
ε

3 +
1
2

β1ε
2ẍ1 +

1
2

ω1ζ1ε
2ẋ1

= lim
ε→0

ε
2
(

ω
2
1

(
αx1

R2 − β1

6

)
ε +

1
2

β1ẍ1 +
1
2

ω1ζ1ẋ1

)
= 0

(2.47)

Notice that the term ε2 makes the error small relative to the general case. Re-
grouping terms in the system equation(

ẍ1 +β1x1ẋ2
1 +

1
2

β1x2
1ẍ1

)
+2ω1ζ1

(
ẋ1 +

1
2

β1x2
1ẋ1

)
+ω

2
1

(
x1 +

β1

6
x3

1

)
+dx1 =−ẍ0

(2.48)

Again, if we introduce the auxiliary variable vx1 = x1 +
β1

6
x3

1, the system would
turn into {

v̈x1 +2ω1ζ1v̇x1 +ω2
1 vx1 +dx1 =−ẍ0

ẍ0 = ux
(2.49)

Similarly, we could prove that the above system has the flat output

z1 = x0 −
2ζ1

ω1
ẋ0 +

(
1−4ζ

2
1
)

vx1 −
2ζ1

ω1
v̇x1 (2.50)

The other flat output, z2 = αxz1, can be readily derived from z1.

Remark 4. It is important to emphasize that when the container only needs to move
along a straight line, the problem becomes significantly simpler. In this case, not
only is the trajectory planning error substantially reduced, but the computational
burden is also lowered. Specifically, it is sufficient to compute a single flat output,
z1, from which the second flat output, z2, can be directly derived using the known
linear relationship z2 = αxz1. This greatly simplifies the overall control design and
enhances computational efficiency.

2.3.3 Flat dynamic of cylindrical liquid system

Denote xxxs =
[
vx1 v̇x1 v̈x1 x0 ẋ0 ẍ0

]T
, yyys =

[
vy1 v̇y1 v̈y1 y0 ẏ0 ÿ0

]T
, and

the flat output as zzz1 =
[
zs1 ż1 z̈1 z(3)1 z(4)1

]T
zzz2 =

[
zs2 ż2 z̈2 z(3)2 z(4)2

]T
,

we could compute every state variable by the flat output in the matrix form[
xxxs

yyys

]
=

[
AAA f 2s 0005×6

0005×6 AAA f 2s

][
zzzs1

zzzs2

]
(2.51)
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where

AAA f 2s =



0 0 −1/ω2
1 0 0

0 0 0 −1/ω2
1 0

0 0 0 0 −1/ω2
1

1 2ζ1/ω1 1/ω2
1 0 0

0 1 2ζ/1ω1 1/ω2
1 0

0 0 1 2ζ1/ω1 1/ω2
1


(2.52)

Notice that we could solve x1, y1 from vx1 and vy1 by the Cubic equations 2.32
2.33. One could use table look up method or the explicit solution form of the cubic
equation. Finally, the equivalent system of the one represented by equation (2.38)
can be written explicitly in Brunovsky form:

żzz = AAA f latzzz+BBB f latvvv (2.53)

with the state vector zzz =
[
z1 z2 ż1 ż2 z̈1 z̈2 z(3)1 z(3)2

]T
and the input vector

vvv =
[
z(4)1 z(4)2

]T
. Define other matrices as below:

AAA f lat =


0002 III2 0002 0002

0002 0002 III2 0002

0002 0002 0002 III2

0002 0002 0002 0002

BBB f lat =


0002

0002

0002

III2

 (2.54)

The Equation 2.53 is the core of this thesis, other proposed trajectory planning
methods are based on it. Therefore, it is reasonable to determine which term of
it would be eliminated compared to the system in Equation 2.37. Setting γγγ1 = zzz,
γγγ2 = żzz, γγγ3 = z̈zz, and γγγ4 = zzz(3), applied for the nonlinear system in (Eq. 2.19), then
we have:

γ̇γγ1 = żzz = q̇qq0 −
2ζ1

ω1
q̈qq0 +(1−4ζ

2
1 )v̇vv1 −2

ζ1

ω1
v̈vv1

= q̇qq0 −
2ζ1

ω1

(
−v̈vv1 −2ω1ζ1v̇vv1 −ω

2
1 vvv1 −ddd1

)
+(1−4ζ

2
1 )v̇vv1 −2

ζ1

ω1
v̈vv1

= γγγ2 +
2ζ1

ω1
ddd1

γ̇γγ2 = z̈zz = q̈qq0 +2ω1ζ1v̇vv1 + v̈vv1

=
(
−v̈vv1 −2ω1ζ1v̇vv1 −ω

2
1 vvv1 −ddd1

)
+2ω1ζ1v̇vv1 + v̈vv1

= γγγ3 −ddd1

In contrast, there are no error in γγγ3 and γγγ4 since γ̇γγ3 = γγγ4 = −ω2
1 v̇vv1, γ̇γγ4 = zzz(4) =

−ω2
1 v̈vv1 = vvv

Thus, the dynamic of the nonlinear system 2.37 is rewritten according to the system
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of equations of the state variables γγγ =
[
γγγT

1 γγγT
2 γγγT

3 γγγT
4

]T
, dddγ =

[
dddT

1 dddT
1 0001×4

]T

as follows:

γ̇γγ = AAA f latγγγ +BBB f latvvv+dddγ (2.55)

Remark 5. Although the flat output and its higher-order derivatives are expressed
in terms of different state variables, each derivative is primarily governed by a
specific key state. Specifically, the flat output yyy and its derivatives żzz, z̈zz, zzz(3), and
zzz(4) correspond to the container position qqq0, container velocity q̇qq0, sloshing mass
position vvv1, and sloshing mass velocity v̇vv1, respectively.
The eliminated disturbance term ddd1 primarily contributes to errors in γγγ1 and γγγ2,
which represent position and velocity. However, since the sloshing height is rela-
tively small compared to the container’s overall position, the use of the simplified
Brunovsky form in Equation 2.53 is both computationally efficient and introduces
an acceptable level of error for trajectory planning purposes.

2.4 Rest-to-rest trajectory

Definition 2. For the system in the Definition 1, if the initial point x(xxx(ti);uuu(ti))
and final point x

(
xxx(t f );uuu(t f )

)
are equilibrium points, we have ẋxx(ti) = 0, u̇uu(ti) = 0

and ẋxx(t f ) = 0 , u̇uu(t f ) = 0. It is known that for the associated trivial system, yyy(ti)
and yyy(t f ) are both equilibrium points. According to [15], we possess:

xxx(ti) = Ξx

(
zzz(ti), żzz(ti) = 000, . . . , zzz(r)(ti) = 000

)
,

uuu(ti) = Ξu

(
zzz(ti), żzz(ti) = 000, . . . , zzz(r+1)(ti) = 000

)
xxx(t f ) = Ξx

(
zzz(t f ), żzz(t f ) = 000, . . . , zzz(r)(t f ) = 000

)
,

uuu(t f ) = Ξu

(
zzz(t f ), żzz(t f ) = 000, . . . , zzz(r+1)(t f ) = 000

)
The polynomial rest-to-rest trajectories are of the form:

z(t) = z(ti)+
(

t − ti
t f − ti

)r+2
(

r+1

∑
k=0

αk

(
t − ti
t f − ti

)k
)
, j = 1, . . . ,m (2.56)

with [α0 . . .αr+1]
T = AAA−1

r2rBBBr2r where AAAr2r and BBBr2r are given by

AAAr2r =


1 1 · · · 1

r+2 r+3 2r+3
(r+1)(r+2) (r+2)(r+3) (2r+2)(2r+3)

...
...

(r+2)! (r+3)!
2 · · · (2r+3)!

(r+2)!

 BBBr2r =


1
0
...
0


(2.57)
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For cylindrical liquid sloshing system, r = 3, and in the case of

moving in the straight line, we obtain
[
α0 α1 α2 α3 α4

]T
=[

126 −420 540 −315 70
]T

, then

z1 = xi +(x f − xi)(126−420τ +540τ
2 −315τ

3 +70τ
4)τ5

z2 = yi +(y f − yi)(126−420τ +540τ
2 −315τ

3 +70τ
4)τ5 (2.58)

where τ = (t − ti)/
(
t f − ti

)
. We can design a geometric path that maintains a safe

distance from obstacles, and then adjust the motion along this path to achieve the
desired rest-to-rest behavior. Suppose the system starts at position (xi,yi) at time
ti, ends at (x f ,y f ) at time t f , and is at rest at both points. The trajectory is also
required to pass through an intermediate point (xc,yc), chosen as the furthest point
from any obstacles along the route. As a result, the desired trajectory function
f : z1 → z2 must satisfy four specific conditions.

z2 (xi) = yi, z2
(
x f
)

= y f ,

z2 (xc) = yc,
dz2

dz1
(xc) = 0

(2.59)

and the constraint
d2y0

dx2
0
(xc) < 0 to have a local maximum or minimum at this

point. Denote the normalize value znor
1 =

y1 − xi

x f − xi
and znor

2 =
y2 − yi

y f − yi
. Then we can

construct a general 3rd-degree polynomial function of y2 in y1:

z2 (z1) = yi +
(
y f − yi

)
znor

1
(
c2(znor

1 )2 + c1znor
1 + c0

)
(2.60)

where AAAr2rcons [c2 c1 c0]
T = BBBr2rcons, xnor

c =
xc − xi

x f − xi
and ynor

c =
yc − yi

y f − yi
, given that

AAAr2rcons =

 1 1 1
(xnor

c )2 xnor
c 1

3(xnor
c )2 2xnor

c 1

BBBr2rcons =

 1
xnor

c ynor
c

0

 (2.61)

2.5 Time-optimal obstacle avoidance trajectory

For computational tractability, the optimized trajectory is discretized into N seg-
ments, a pre-selected constant. Hence, the sampling time ts is:

ts =
T
N

=
t f − ti

N
(2.62)

where T is the time instant (to be determined) when the tank reaches the terminal
state. Then, by assuming the input v to be a zero-order hold (ZOH) signal, the
continuous kinematics in equation (2.53) can be discretized by:

zzz(k+1) = AAA f latzzz(k)+BBB f latvvv(k) (2.63)
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where zzz(k) and vvv(k) are the discretized state vectors of zzz and vvv at the kth node
respectively. The subscripts v, a, j, and s represent velocity, acceleration, jerk,
and snap respectively. Overall, the optimization variables are comprised of T , zzz(k)
and vvv(k) for all k ∈ [1, N +1] ⊆ N of which the concatenated vector belongs to
R(10N+1)×1 With all the constraints listed above, we can execute the optimization
problem as:

minimize
t f , vvv(k)

J = t f − ti

subject to zzz(k+1) = AAA f latzzz(k)+BBB f latvvv(k), ∀k ∈ [1,N]⊂ N
|ηn(k)| ≤ ηn,max, ∀k ∈ [1,N]⊂ N (Sloshing height)

|q̇qq0(k)| ≤ q̇qq0,max, ∀k ∈ [1,N]⊂ N (Velocity)

|q̈qq0(k)| ≤ q̈qq0,max, ∀k ∈ [1,N]⊂ N (Force)

zzz(0) = zzzin, zzz(N +1) = zzz f (Boundary conditions)

Recti(k)∀i ∈ [1,nrec],Cir j(k)∀ j ∈ [1,ncir] (Geometry)
(2.64)

By adding the obstacle constraint to the optimization problem, the optimal trajec-
tory in time and obstacle avoidance is achieved as follows:

Rectanglei = {(x, y) : s1 ≤ x ≤ s2, s3 ≤ y ≤ s4} ∀i = 1, . . . ,nrec (2.65)

where nrec is the number of rectangle obstacles. Then the constraint for rectangle
obstacles could be described as:

Rect(x = x0(k),y = y0(k)) =
2

∑
j=1

∥x− s j∥+∥y− s j+2∥> ∥s1 − s2∥+∥s3 − s4∥

(2.66)
Also, we could define the circle obstacle as:

Circlei = {(x, y) : (x− xcir)
2 +(y− ycir)

2 ≤ r2
cir} ∀i = 1, . . . ,ncir (2.67)

Similarly, the constraint for circle obstacles could be described as:

Cir(x = x0(k),y = y0(k)) = (x− xcir)
2 +(y− ycir)

2 > r2
cir (2.68)

In this work, the optimization problem Equation 2.64 is solved using the numerical
optimization tool CasADi in MATLAB, with the ‘IPOPT’ solver. After we get
the solution zzz(k)∀k ∈ [1, N +1]⊆N, the reference trajectory could be obtain from
Equation 2.51.
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CHAPTER 3: CONTROL METHODOLOGY

Control objective: This chapter introduces the control methodologies developed
in this work to address the challenges of liquid sloshing suppression and trajectory
tracking. An ESO is proposed in (Section 3.1) for observation of the unmeasurable
state variables, and the total disturbances of the liquid sloshing system by using
output measurement. In the first approach, I use LMPC (Section 3.2) to tracking
reference trajectory and performing output constraint. The TSMC is a nominal con-
troller (Section 3.3) for anti-sloshing and tracking problems. Subsequently, Control
Barrier Function - Quadratic Programming is introduced to ensure that the liquid
sloshing system is in a safe range with a constrained maximum sloshing height
(Section 3.3.2). Both controller’s reference flatness-based trajectories, which are
optimized for minimum transfer time and structured to avoid obstacles in a dis-
turbed environment. These strategies collectively aim to maintain liquid stability,
achieve high-speed transport, and ensure safe operation in practical applications.
disturbance.
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Figure 3.1: First control architecture for liquid sloshing in a container
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Figure 3.2: Second control architecture for liquid sloshing in a container

3.1 Extended State Observer

In practical terms, it is impossible to measure some state variables such as ẋn and
ẏn. Also, the system is greatly affected by an unexpected disturbance. In order to
estimate q̇qq and disturbances, this research will propose an Extended State Observer.
In the designed observer, if we denote qqq1 = qqq and qqq2 = q̇qq, and DDD imply the distur-
bance component, then the state variables in the designed observer are defined as
follows: {

q̇qq1 = qqq2

q̇qq2 = MMM−1JJJuuu−MMM−1 (GGG+CCCq̇qq+DDD)
(3.1)

set fff q = −MMM−1 (GGG+CCCq̇qq) denotes the system’s nonlinear parts and dddq = −MMM−1DDD
denotes the nonlinear function disturbances. We denote MMMJ = MMM−1JJJ, then uuuq =

MMMJuuu. The state equation is rewritten as follows:


q̇qq1 = qqq2

q̇qq2 = qqq3 +uuuq

q̇qq3 = ρρρ(t)

(3.2)

where qqq3 = fff q +dddq is the auxiliary variable and ρρρ(t) is the derivative of the func-
tion qqq3. The state variable x̂xxi is defined as the observation of the state variable qqqi.
Based on the generalized Extended State Observer (ESO) in [33, 34] a nonlinear
ESO (NESO) will be designed to derive the immeasurable states and the lumped
disturbances/uncertainties term. The state equation of the sloshing liquid container
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is designed based on selected nonlinear function gi as follows:

˙̂qqq1 = q̂qq2 +δ
1g1

(
qqq1 − q̂qq1

δ 2

)
˙̂qqq2 = q̂qq3 +δ

0g2

(
qqq1 − q̂qq1

δ 2

)
+uuuq

˙̂qqq3 = δ
−1g3

(
qqq1 − q̂qq1

δ 2

) (3.3)

If we chose the function gi (·) = σi × (·) as the linear function, then the NESO
becomes the linear ESO (LESO).

˙̂qqq1 = q̂qq2 +
σ1

δ
(qqq1 − q̂qq1)

˙̂qqq2 = q̂qq3 +
σ2

δ 2 (qqq1 − q̂qq1)+uuuq

˙̂qqq3 =
σ3

δ 3 (qqq1 − q̂qq1)

(3.4)

Remark 6. Due to fff q,
∂ fff q

∂ t
,

∂ fff q

∂qqq1
,

∂ fff q

∂qqq1
are vectors, matrices containing system

parameters, position, velocity, and acceleration of the sloshing system. The param-
eters, position, velocity, and acceleration of the actuators are bounded. Therefore,
there exist positive numbers pmax, vmax, amax, c1, c2 and c3 such that ∥qqq1∥ ≤ pmax,

∥qqq2∥ ≤ vmax, ∥ẋ2∥ ≤ amax, ∥
∂ fff q

∂ t
∥ ≤ ρm, ∥

∂ fff q

∂qqq1
∥ ≤ c1, ∥

∂ fff q

∂qqq2
∥ ≤ c2, ∥uuuq∥ ≤ umax.

Assumption 1. The disturbance dddq is continuous and differentiable with respect
to their variables. Therefore, disturbance dddq and its derivatives ḋddx are bounded,
which means ∥dddq∥ ≤ d1c, ∥ḋddx∥ ≤ d2c, where d1c and d2c are positive constants.

Define the estimated errors as below:

q̃qqi(t) = (qqqi − q̂qqi)/δ
4−i ∀i = 1,2,3 and q̃qq = [q̃qq1 q̃qq2 q̃qq3]

T (3.5)

This definition leads to
δ ˙̃qqq = AAAq̃qq+δBBBρρρ (3.6)

where AAA =

−σ1III4 III4 0004

−σ2III4 0004 III4

−σ3III4 0004 0004

 and BBB =

0004

0004

III4

. Denote PPP as a positive symmetri-

cally defined matrix.

Theorem 3. Considering the sloshing model in (Eq. 2.19) and LESO in (Eq. 3.4).
Under the view of Remark 6 and Assumption 1, if the constant number σ1, σ2, σ3

are chosen such as

AAA =

−σ1III4 III4 0004

−σ2III4 0004 III4

−σ3III4 0004 0004

 is Hurwitz (3.7)
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and we choose the positive δ small enough, then the estimation states will converge
to the real states when t → ∞, which means

lim
δ→0

(
lim
t→∞

∥qqqi − q̂qqi∥
)
= 0∀i = 1,2,3 (3.8)

PROOF. The term ρρρ could be calculated as follow:

ρρρ(t) =
d
ds

fff q (s,qqq1,qqq2) |s=δ t + ḋddx (s)

=
d

d (δ t)
fff q (δ t,qqq1,qqq2)+ ḋddx (δ t)

=
∂

∂ t
fff q (δ t,qqq1 (δ t) ,qqq2 (δ t))+

∂

∂qqq1
fff q (δ t,qqq1 (δ t) ,qqq2 (δ t))xxx222 (δ t)

+
∂

∂qqq2
fff q (δ t,qqq1 (δ t) ,qqq2 (δ t))xxx333 (δ t)+

∂

∂qqq2
fff q (δ t,qqq1 (δ t) ,qqq2 (δ t))uuuq + ḋddx (δ t)

(3.9)
Accompany to the Remark 6 and Assumption 1, there is exists of positive constant
ρm satisfy:

∥ρρρ(t)∥ ≤ ρm (3.10)

Then the candidate Lyapunov function is selected as below:

Veso = δ q̃qqT PPPq̃qq (3.11)

Taking the first derivative of candidate Lyapunov function Veso

d
dt

Veso = δ ˙̃qqqT PPPq̃qq+δ q̃qqT PPP ˙̃qqq

= (AAAq̃qq+δBBBρρρ)T PPPq̃qq+ q̃qqPPP(AAAq̃qq+δBBBρρρ)

= q̃qqT AAAT PPPq̃qq+δ (BBBρρρ)T PPPq̃qq+ q̃qqT PPPAAAq̃qq+δPPPBBBρρρ

(3.12)

Since AAA is Hurtwitz, there existst an arbitrary positive symmetrically matrix QQQ such
that the following algebraic equations are satisfied:

AAAT PPP+PPPAAA+QQQ = 0 (3.13)

Thus,
d
dt

Veso =−q̃qqT QQQq̃qq+2ε q̃qqT PPPBBBδδδ

≤−∥q̃qq∥2
λmin (QQQ)+2ε∥q̃qq∥∥PPPBBB∥ρm

≤−Veso
λmin (QQQ)

ελmax (PPP)
+2ε

√
Veso

ελmin (PPP)
∥PPPBBB∥ρm

(3.14)

with λmin(QQQ) and λmax(PPP) are the minimum and the maximum eigenvalue of matrix
QQQ and matrix PPP. Denote λ1 = ελmax (PPP), λ2 = λmin (QQQ), and λ4 = λmin(PPP). Since
V̇eso = V̇eso/

(
2
√

V1
)

we get

d
dt

√
Veso ≤

−λ2

2λ1

√
Veso +

√
λ4ε

λ4
∥PPPBBB∥ρm (3.15)
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This is a standard first-order linear differential inequality, then it is upper-bounded
by the solution of the corresponding equality.

√
Veso(t)≤

(√
Veso(0)−

2λ1
√

λ4ε

λ2λ4
∥PPPBBB∥ρm.

)
e

−λ2

2λ1
t
+

2λ1
√

λ4ε

λ2λ4
∥PPPBBB∥ρm

(3.16)

then because of ∥q̃qq∥ ≤
√

Veso

ελ4
thus,

∥q̃qq∥ ≤
√

ελ4Veso(0)
ελ4

e

−λ2

2λ1
t
− 2λ1

λ2λ4
∥PPPBBB∥ρm e

−λ2

2λ1
t
+

2λ1

λ2λ4
∥PPPBBB∥ρm = E(t)

(3.17)

From Eqs.(3.5)(3.17), we have:

∥xxxi − x̂xxi∥ ≤ ε
4−i (E(t)) (3.18)

where i = 1, 2, 3 .Therefore by selecting the positive ε ≪ 1, the error of the esti-
mated state is bounded and convergence to the neighborhood of zero

lim
ε→0

(
lim
t→∞

∥xxxi − x̂xxi∥
)
= 0 (3.19)

This is the end of the proof.

3.2 Lyapunov-based Model Predictive Control

From Equation 3.4, the estimated states q̂qq1, q̂qq2, and q̂qq3 obtained from the LESO
are employed to compute the control input uuu and stabilize the sloshing dynamics.
The reference trajectories qqq1r, qqq2r, and qqq3r are generated using a flatness-based
time-optimal planning method. Define the tracking error as êee = q̂qq1 − qqq1r, where
qqq1r is the desired trajectory. Given that qqq1 denotes the measured states, the sliding
surface can be formulated as:

sss = λλλ êee+ ˙̂eee = λλλ (q̂qq1 −qqq1r)+(q̂qq2 −qqq2r) (3.20)

where λλλ = diag(λ1c, λ2c, λ3c, λ4c) is designed positive definite diagonal matrix.
Since the system is underactuation, we could get the pseudo-inverse matrix MMM+

J =(
MMMT

J MMMJ
)−1 MMMT

J of MMMJ. We choose the reaching control law as follows:

uuueq =−MMM+
J (x̂xx3 +λλλ (x̂xx2 − ẋxxr1)− xxx3r) (3.21)

is the pseudo-inverse matrix of QQQ. In order to avoid the chattering phenomenon of
SMC, we design the switching control law as:

uuusw =−MMM+
J [µµµ1sss+µµµ2sgn(sss)] (3.22)

with µµµ1, µµµ2 are also designed positive definite diagonal matrix. Hence, the final
control signal vector can be obtained:

uuusmc = uuueq +uuusw (3.23)
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Theorem 4. Consider the liquid system given in (Eq. 2.19), the system states are
observed by the LESO described (Eq. 3.4), under control signal uuusmc given in (Eq.
3.23), the proposed sliding surface in (Eq. 3.20) is asymptotically convergence to
zero.

PROOF. Select the Lyapunov function as

V =
1
2

sssT sss (3.24)

Considering the derivative of sliding surface (Eq. 3.20), ones can obtain:

ṡss = λλλ ˙̂eee+ ¨̂eee

= λλλ ( ˙̂qqq1 −qqq2r)+ ˙̂qqq2 −qqq3r

= λλλ (q̂qq2 +
σ1

δ
(qqq1 − q̂qq1)−qqq2r)+

(
q̂qq3 +

σ2

δ 2 (qqq1 − q̂qq1)+uuuq

)
−qqq3r

= λλλ (q̂qq2 +
σ1

δ
(qqq1 − q̂qq1)−qqq2r)+

(
q̂qq3 +

σ2

δ 2 (qqq1 − q̂qq1)+uuuq

)
−qqq3r

(3.25)

Then the derivative of V is determined as follows

V̇ = sssT ṡss

= sssT
(

λλλ
σ1

δ
q̃qq1 +λλλ (q̂qq2 −qqq2r)+

σ2

δ 2 q̃qq1 +(q̂qq3 +MMMJuuu)−qqq3r

)
= sssT

(
λλλ

σ1

δ
q̃qq1 +

σ2

δ 2 q̃qq1 −µµµ1sss−µµµ2sgn(sss)
) (3.26)

From Theorem 3 it is clear that limδ→0 (limt→∞∥q̃qq1∥) = 0, then its could be derived
from Equation 3.26 that

V̇ ≈ sssT (−µµµ1sss−µµµ2sgn(sss))≤−λmin (µµµ2)∥sss∥−λmin (µµµ1)∥sss∥2 < 0 (3.27)

then the sliding surface s convergence to zero

lim
t→∞

∥sss∥= 0 (3.28)

Therefore the theorem is proven. It is important to ensure that the parameters of
the ESO are selected to guarantee a convergence rate faster than that of the SMC,
thereby providing accurate state estimation in a timely manner for effective control.
The proposed general LMPC scheme is obtained by solving the following optimal
control problem:

uuulmpc = argmin
uuu

∫ t0+T

t0

(
êee(t)QQQêeeT (t)+ ũuuT (t)RRRũuu(t)

)
dt ∀k ∈ [1,N]⊂ N

subject to q̇qq2 = f̂ff q +uuuq + d̂dd

∥q̂qq(t)∥ ≤ qqqmax

∥uuu(t)∥ ≤ uuumax

V̇ (q̂qq(t),uuu(t))≤ V̇ (q̂qq(t),uuusmc(t))
(3.29)
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We define the tracking error as êee(t) = x̂xx1(t)− xxx1r(t) and the control deviation as
ũuu(t) = uuu(t)− uuur(t). The matrices QQQ and RRR are positive definite weighting matri-
ces. The control objective is formulated as the minimization of the cost function
J. Notably, the choice of weights in QQQ and RRR significantly influences the control
performance; hence, selecting appropriate values is essential to ensure the system
prioritizes accurate trajectory tracking. Notice that normally in other Nonlinear
Model Predictive control, the cost for the control energy is normally uuuT RRRuuu. How-
ever, thank to the flatness-based trajectory, we could compute the feed-forward
control signal uuur = ẍxx0r.Because we already know the ideal input uuur, the optimiza-
tion problem becomes easier — the solver doesn’t have to guess the nominal con-
trol from scratch, only find the correction ũuu. Thereby maximizing information and
helping the optimal solver return the control signal uuu faster. Therefore, by solv-
ing this problem above, the LMPC controller will provide the control signals for
tracking the desired trajectory while ensuring the region of states for the sloshing
model. Reconsider the Lyapunov candidate function in (Eq. 3.23):

V =
1
2

sssT sss (3.30)

Taking utilization from the last constraint of the LMPC optimal problem:

V̇ (q̂qq(t),uuu(t)) = sssT
(

λλλ
σ1

δ
q̃qq1 +

σ2

δ 2 q̃qq1 +λλλ (q̂qq2(t)− xxxr2)+(MMMJuuu+ q̂qq3(t))−qqq3r

)
≤ V̇

(
q̂qq,uuusmc

(
q̂qq(t)

))
≤ 0

(3.31)
This inequality implies the stabilization of the system under the LMPC method.

3.3 Terminal Sliding Mode Control with output constraint
3.3.1 Terminal sliding mode control
Similarly, the TSMC controller is using the estimation state variables q̂qq1, q̂qq2, and q̂qq3

from ESO in Equation 3.4 to calculate the control signal applying to the sloshing
model. The proposed terminal sliding surface is

sss = q̂qq2 −q2r +(kkk1 + kkk2)(q̂qq1 −qqq1r)+ kkk1kkk2

∫ t

0
(q̂qq1 −qqq1r)dτ (3.32)

where the trajectory based on flatness yields the reference vector qqqr, and kkk1, kkk2 ∈
R4×4 are positive definite matrix. Denoting kkks = kkk1 + kkk2 and kkkp = kkk1kkk2, the equa-
tion above (Eq. 3.32) could be rewritten with the tracking errors and observing
errors as follows:

sss =−q̃qq2 − kkksq̃qq1 − kkkp

∫ t

0
q̃qq1dτ + ėee+ kkkseee+ kkkp

∫ t

0
eeedτ (3.33)

It can be clearly seen that q̃qq2 = qqq2− q̂qq2 represents the observing velocity error, and
q̃qq1 = qqq1 − q̂qq1 represents the observing displacement error of the liquid container
and sloshing mass. The symbol eee = qqq1 − qqq1r indicates the tracking error of the
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reference trajectory of the liquid sloshing system. The derivative of the terminal
sliding surface is as follows:

ṡss =− ˙̃qqq2 − kkks ˙̃qqq1 − kkkpq̃qq1 + ëee+ kkksėee+ kkkpeee (3.34)

with ëee = q̇qq2 − q̈qqr. According to (Eq. 3.2), we obtain ëee = MMMJuuu+qqq3 −qqq3r. Then the
derivative of the sliding surface is

ṡss =− ˙̃qqq2 − kkks ˙̃qqq1 − kkkpq̃qq1 +MMMJuuu+qqq3 − q̈qqr + kkksėee+ kkkpeee (3.35)

The control signal of Terminal Sliding Mode Control (TSMC) based ESO is pro-
posed as follows:

uuutsmc =−MMM+
J

(
q̂qq3 + kkks (q̂qq2 −qqq2r)+ kkkp (q̂qq1 −qqq1r)

−qqq3r +λλλ sss+µµµ1diag(sgn(sss)) |sss|α +µµµ2sgn(sss)
) (3.36)

where µµµ1 = diag(µ11, µ12, µ13, µ14), λλλ = diag(λ1c, λ2c, λ3c, λ4c), µµµ2 =

diag(µ21, µ22, µ23, µ24) are positive definite designed matrices. The control pa-
rameter α must satisfy the condition 0 < α < 1. We want to emphasize that the
term µµµ1diag(sgn(sss)) |sss|α accelerates the convergence speed in the TSMC algo-
rithm.

Theorem 5. Considering the liquid sloshing system (Eq. 2.19), the ESO (Eq. 3.4),
the sliding surface (Eq. 3.33) and the control signal of Terminal Sliding Mode
Control base ESO (Eq. 3.36). The estimated state variables q̂qqi will converge to the
real state variables xxxi, the terminal sliding surface sss and the tracking error eee is
asymptotically converged to zero. In other words, we have

lim
t→Ts

q̂qqi = qqqi ∀i = 1,2,3

lim
t→Ts

∥sss∥= 0

lim
t→Ts

∥eee∥= 0

(3.37)

PROOF. Replacing the proposed TSMC (Eq. 3.36) in the derivative of the terminal
sliding surface (Eq. 3.35), we obtain

ṡss = q̃qq3 − ˙̃qqq2 −λλλ sss−µµµ1diag(sgn(sss)) |sss|α −µµµ2sgn(sss) (3.38)

with q̃qq3 = qqq3 − q̂qq3 representing the estimation error of total disturbance. The esti-
mated error variable q̃qq2 is determined from (Eq. 3.3) and (Eq.3.4)

˙̃qqq2 = q̃qq3 −
α2

ε2 q̃qq1 (3.39)

Subsequently, the derivative of the terminal sliding surface could be described as

ṡss =
α2

ε2 q̃qq1 −λλλ sss−µµµ1diag(sgn(sss)) |sss|α −µµµ2sgn(sss) (3.40)
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The Lyapunov candidate is chosen as

V =
1
2

sssT sss (3.41)

Taking the derivative of the Lyapunov function, then replacing the (Eq. 3.40) in
the equation, we have

V̇ =sssT
(

α2

ε2 q̃qq1 −λλλ sss−µµµ1diag(sgn(sss)) |sss|α −µµµ2sgn(sss)
)

=− sssT
µµµ2sgn(sss)− sssT

λλλ sss−|sssT |µµµ1|sss|α

+
α2

ε2 sssT q̃qq1 (3.42)

According to Theorem 3, because of

−sssT
µµµ2sgn(sss)≤ 0

lim
δ→0

α2

δ 2 sssT q̃qq1 = 0
(3.43)

Thus, the equation (Eq. 3.42) is satisfied

V̇ ≤−∥sss∥2 (λmin)−µ1,min

4

∑
i=1

|si|α+1

=−Λ1V −Λ2V µ

(3.44)

where λmin = min(λ1c, λ2c, λ3c, λ4c), µmin = min(µ11, µ12, µ13, µ14), Λ1 =

2(λmin) and Λ2 = µmin2µ with µ =
α +1

2
.

Lemma 6. According to [35], if the Lyapunov function is a continuous function
that satisfies Eq. (3.45) then V converges to zero in the settling-time function Tf

which is the upper boundary is determined as (3.46)

V̇ (t)≤−a1V (t)−a2V a3(t) ∀V (t0)> 0, t > t0 (3.45)

and

Tf = t0 +
1

a1(1−a3)
ln
(

a1V 1−a3(t0)+a2

a2

)
(3.46)

where a1, a2 > 0 and a3 satisfies 0.5 < a3 < 1

Because of 0 < α < 1 then 0.5 < µ < 1. According to Lemma 6 and (Eq. 3.44)
then V (t) will converge to zero in a finite time with an upper boundary Ts.

Ts = t0 +
1

Λ1 (1−µ)
ln
(

Λ1V 1−µ(t0)+Λ2

Λ2

)
(3.47)

where t0 is the initial time value. Then the terminal sliding surface sss converges to
zero after a duration Ts. From (Eq. 3.33), the terminal sliding surface can also be
written as

sss =−ssso − kkk1

∫ t

0
sssodτ + sssc + kkk1

∫ t

0
ssscdτ (3.48)
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where ssso = q̃qq2 + kkk2x̃xx1 and sssc = ėee+ kkk2eee. From Lemma 6, the Lyapunov function
converges to zero after the finite time Ts then

lim
t→Ts

sss = lim
t→Ts

(
−ssso − kkk1

∫ t

0
sssodτ + sssc + kkk1

∫ t

0
ssscdτ

)
= 0 (3.49)

In the previous section, according to (Theorem 3), the observing error x̃xxi converges
to zero, which means the

lim
ε→0

(
lim
t→∞

ssso

)
= lim

ε→0

(
lim
t→∞

q̃qq2 + kkk2q̃qq1

)
= 0 (3.50)

then we could easily obtain

lim
t→Ts

∥∥∥∥sssc + kkk1

∫ t

0
ssscdτ

∥∥∥∥= 0 (3.51)

then the tracking error in a finite time Ts would satisfy

lim
t→Ts

∥ėee+ kkk2eee∥= 0

lim
t→Ts

∥eee∥= lim
t→Ts

∥eee−kkk2t∥= 0
(3.52)

This is the end of the proof.

3.3.2 Control Barrier Function
During this design phase, we propose a method to limit the maximum height of
liquid sloshing within the system. The objective of ensuring safety can be ex-
plained as follows: given the container’s capacity constraint, there is a risk of liq-
uid spillage from the tank. First introduced [26, 36], CBF is an effective output
constraint method, by considering a superlevel set of continuously differentiable
h : χ → R

(
χ ⊂ R8 is the set of x

)
as below:

C= {x ∈ χ ⊂ R8 : h(x)≥ 0}
∂C= {x ∈ χ ⊂ R8 : h(x) = 0}

Int(C) = {x ∈ χ ⊂ R8 : h(x)> 0}
(3.53)

Definition 3. A safe set C is forward invariant of the system (Eq. 2.19) if the
solutions with any initial condition xxx0 ∈ C, xxx(t0)∈ C for xxx(t0) = xxx0 and t0 ∈ I(xxx0) =

[0, tmax). The system (2.19) is safe with respect to the set C if the set C is forward
invariant.

Definition 4. Given a safe set C⊂ χ , consider the system (Eq. 2.19), if there exists
a class κ∞ function α(·), the function h : χ →R is a zeroing CBF (ZCBF) satisfying

sup
uuu∈U

(
L f h(xxx)+Lgh(xxx)uuu

)
≥−γ (h(xxx))

∂h
∂xxx

̸= 0008×1 ∀xxx ∈ ∂C

(3.54)

If γ (h(xxx)) = αcb f h(xxx), then the function h(xxx) is a ZCBF if and only if αcb f is a
positive real number.
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Therefore, in this study, we establish a safe threshold for the liquid sloshing height
with Quadratic Programming (QP) to ensure the effectiveness of the overall control
algorithms. With 0 < cε ≪ 1,the constraint function h is given as follows:

h(xxx) = η
2
max −

(
ξ 2

11hm1

mFR

)2 (
x2

1 + y2
1
)
− cε(ẋ2

1 + ẏ2
1)≥ 0 (3.55)

where xxx =
[
qqqT q̇qqT

]T
.

Remark 7. If the barrier certificate h is chosen only depending on the output of the
system, then the constraint in QP shows that the input uuu only influences the system
for Lgh(xxx) ̸= 0. Therefore, by adding a very small coefficient of the first output’s
derivative ẋxx in the barrier certificate h(xxx) [37], then ḣ(xxx) depends directly on uuu. If
the term ẋxx is neglected, the CBF will have a relative degree greater than one and
will be discussed in our future work.

Denote fff = MMM−1 (−CCCq̇qq−GGG−DDD) and ggg = MMMJ, the system in (Eq. 2.19) could be
rewritten as:

ẋxx =Axxx+B( fff +ggguuu) (3.56)

where A=

[
0004×4 III4×4

0004×4 0004×4

]
, and B=

[
0004×4

III4×4

]
then a safe set C is defined as a super-

level set of h(xxx)
C=

{
xxx ∈ χ ⊂ R8 : h(xxx)≥ 0

}
(3.57)

However, to compensate for the uncertainty disturbances, the ESO-based CBF is
introduced by giving a candidate Zeroing CBF [38], which includes the uncertainty
term as

H
(

xxx, f̂ff
)
= h(xxx)− ε êeeT PPPêee (3.58)

Theorem 7. Take into consideration the superlevel set C of a differentiable contin-
uously h(x) and the liquid system given in equation (2.39), as well as the ESO given
in equation (2.46) h(xxx) :→ R as described in (2.80), if the derivative of the ex-
tended state ∥ ḟff x∥ ≤ ρm is bounded, if the chosen matrix QQQ is satisfied λ2 ≥ αcb f λ3

where λ3 = ελ1, and the initial condition of h(xxx(0))≥ ελ1, then the set C is called
the safe set with the control signal uuu satisfy:

uuu ∈Kh =

{
vvv ∈ U | L f h(xxx)+Lgh(xxx)vvv−

∥∥∥∥∂h
∂xxx

∥∥∥∥E(t)
−1

4

(
1+

1
λ2 −αcb f λ3

∥∥∥∥∂h
∂xxx

∥∥∥∥2
)
−2E(t)2 − ε

2
ρ

2
m∥PPPBBB∥2 +αcb f h(xxx)≥ 0

}
(3.59)

PROOF. Defining the time derivatives of the ZCBF Ḣ as follows:

Ḣ(xxx) =
∂h
∂xxx

(ggguuu+ fff )+
∂h
∂ t

−2ε êeeT PPP ˙̂eee (3.60)

≥ ∂h
∂xxx

T (
ggguuu+ f̂ff

)
+

∂h
∂xxx

T

e3 +
∂h
∂ t

+∥êee∥2
λmin (QQQ)−2ε∥êee∥.∥PPPBBB∥ρm (3.61)
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According to Cauchy’s inequality, yields

Ḣ ≥ ∂h
∂xxx

T (
ggguuu+ f̂ff

)
+

∂h
∂xxx

T

ê3 +
∂h
∂ t

+∥êee∥2 (λ2 −αλ3)+αλ3∥êee∥2 −∥êee∥2 − (ε∥PPPBBB∥ρm)

(3.62)

≥ ∂h
∂xxx

T (
ggguuu+ f̂ff

)
+

∥∥∥∥∥1
2

∂h
∂xxx

T

+ ê3

∥∥∥∥∥
2

−
∥∥∥∥1

2
∂h
∂xxx

∥∥∥∥2

−∥ê3∥2 −∥êee∥2 − 1
4(λ2 −αλ3)

∥∥∥∥∂h
∂xxx

∥∥∥∥2

(3.63)

+
∂h
∂ t

− ∂h
∂xxx

T

∥êee∥+

∥∥∥∥∥√λ2 −αλ3∥êee∥+ 1
2
√

λ2 −αλ3

∂h
∂xxx

T
∥∥∥∥∥

2

− (ε∥PPPBBBρm∥)2 +αλ3∥êee∥2

(3.64)

According to (Eq. 3.59) uuu ∈Kh, thus

Ḣ(xxx)≥
∥∥∥∥∂h

∂xxx

∥∥∥∥E(t)+ 1
4

(
1+

1
λ2 −αλ3

)∥∥∥∥∂h
∂xxx

∥∥∥∥2

+E(t)2 +(ε∥PPPBBB∥ρm)
2 −αh

+

∥∥∥∥∥1
2

∂h
∂xxx

T

+ ê3

∥∥∥∥∥
2

−
∥∥∥∥1

2
∂h
∂xxx

∥∥∥∥2

−∥ê3∥2 −∥êee∥2 − 1
4(λ2 −αλ3)

∥∥∥∥∂h
∂xxx

∥∥∥∥2

+
∂h
∂ t

− ∂h
∂xxx

T

∥êee∥+

∥∥∥∥∥√λ2 −αλ3∥êee∥+ 1
2
√

λ2 −αλ3

∂h
∂xxx

T
∥∥∥∥∥

2

− (ε∥PPPBBB∥ρm)
2 +αλ3∥êee∥2

(3.65)
Simplify the above equation, we obtain

Ḣ(xxx)≥
∥∥∥∥∂h

∂xxx

∥∥∥∥E(t)+2E(t)2 −∥ê3∥2 −∥êee∥2 +αλ3∥êee∥2 −αh

≥−αH(xxx)
(3.66)

Then, with an initial condition of H(xxx(((000)))) > 0, we get H(xxx) ≥ 0 ∀t. As a result,
we have h ≥ VESO ≥ 0. Hence, the set C is forward invariant. This is the end of
the proof.

Finally, to achieve the constraint in sloshing height based on the nominal
TSMC controller, the problem could be written in quadratic form as follows:

u =argmin
vvv

∥vvv−uuutsmc∥2 = vvvT vvv−2uuuT
tsmcv+uT

tsmcutsmc

subject to Lghvvv+L f h−
∥∥∥∥∂h

∂xxx

∥∥∥∥E(t)− 1
4

(
1+

1
λ2 −αλ3

)∥∥∥∥∂h
∂xxx

∥∥∥∥2

−2E(t)2 − ε
2
ρ

2
m∥PPPBBB∥2 +αh ≥ 0

(3.67)

The optimization could be solved by quadratic programming. We also can express
the control input as the explicit solution to satisfy the safety constraint ZCBF h(xxx).
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Denote the control ucb f as follow:

uuucb f =


−Ih(xxx, uuutsmc)− Jh(xxx)

∥Lgh(xxx)∥2 (Lgh(xxx))T , Ih(xxx, uuutsmc)< Jh(xxx)

0002×1 , Ih(xxx, uuutsmc)≥ Jh(xxx)
(3.68)

where

Ih(xxx, uuuhsmc) = L f h(xxx)+Lgh(xxx)uuuhsmc

Jh(xxx) =
∥∥∥∥∂h

∂xxx

∥∥∥∥E(t)+ 1
4

(
1+

1
λ2 −αλ3

∥∥∥∥∂h
∂xxx

∥∥∥∥2
)
+2E(t)2 + ε

2
ρ

2
m∥PPPBBB∥2 −αh(xxx)

(3.69)
Then the final control signals uuu is

uuu = uuutsmc +uuucb f (3.70)
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CHAPTER 4: NUMERICAL SIMULATIONS

In this chapter, we carry out some simulations with a cylindrical container and
the chosen liquid is water with the distinctive dynamic viscosity υ and density ρ ,
respectively. The model parameters are given in the below table.

Table 4.1: Parameters of the liquid sloshing system

Model Parameter Value Unit Designed Parameter Value Unit

R 50 mm xi 0 m
h 70 mm x f 4 m
g 9.81 m/s2 yi 0 m
ρ 997 kg/m y f 3 m
υ 10−6 m2/s t f (optimized solution) 6.0901 s
α 0.58 - u0(max) 0.5 m/s2

w 2 - η̄n(max) 2.5 mm
ξ11 1.841 - N 200 -
ω1 18.8968 rad/s - - -
ζ1 0.0042 - - - -

The parameters of the Extended State Observer (ESO), as elaborated in Section
3.1, play crucial roles in achieving effective disturbance rejection. The immeasur-
able state variables q̇qq, which are required for all of the above controllers, are esti-
mated from the LESO. In this study, we choose the parameter as α1 = 50, α2 = 50,
α3 = 100, and ε = 0.0005. For the LMPC controller has weighted matrices
QQQmpc = diag

[
1000 1000 100 100 5 5 5

]
and RRRmpc = diag

[
0.1 0.1

]
are

positive weighted matrices. And for the Terminal Sliding Mode Control (TSMC)
controller, these control parameters are given as below:

kkks = diag
[
2.625 2.625 0.5 0.5

]
kkkp = diag

[
0.7875 0.7875 0.7875 0.7875

]
λλλ = diag

[
1.575 1.575 0.3 0.3

]
µµµ1 = diag

[
4.2 4.2 0.8 0.8

]
µµµ2 = diag

[
0.015 0.015 0.3 0.3

]
α = 0.3

To proof the effectiveness of the proposed control algorithm, we will use a
classical Sliding Mode Control (SMC) with control law in Equation 3.23 and
Linear–quadratic regulator (LQR) controller to compare with the proposed con-
trollers. The parameters of SMC are chosen as λλλ smc =

[
1.1 1.1 0.2 0.2

]
,

µµµ1smc =
[
2.75 2.75 0.5 0.5

]
and µµµ2smc =

[
1.5 1.5 0.5 0.5

]
. The LQR con-

troller is designed by the linearization system in Equation 2.19:

ẋxx = AAAlinearxxx+BBBlinearuuu (4.1)
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where xxx =
[
qqq q̇qq

]
and

AAAlinear =



0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

−ω2
1 0 0 0 −2ω1ζ1 0 0 0

0 −ω2
1 0 0 0 −2ω1ζ1 0 0

0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0


BBBlinear =



0 0
0 0
0 0
0 0
−1 0
0 −1
1 0
0 1


(4.2)

Selecting the matrices QQQLQR = diag
[
1000 1000 100 100 5 5 5 5

]
and

RLQR = 0.01, the controller can be found

KKKLQR =

[
−31.1 0 −9.8 0 2.2 0 3.1 0

0 −31.1 0 −9.8 0 2.2 0 3.1

]
(4.3)

And to compensate for the lumped disturbance, the LQR control signal is uuu =

−KKK[x̂xx1 x̂xx2]
T −BBB−1DDD. I want to emphasize that those above parameters would be

used in every following simulation scenarios. The goal of the simulations is to
validate the following points:

• Effectiveness of Trajectory Planning: Do the proposed trajectory planning
methods perform effectively? How do they compare to existing motion plan-
ning approaches in terms of performance and efficiency?

• Controller Performance: Is the proposed controller capable of accurately
tracking the desired trajectory, even in the presence of external disturbances?

• Sloshing Constraint Satisfaction: Does the system successfully maintain
the sloshing height below the predefined maximum threshold, ensuring con-
straint satisfaction during motion?

To answer these questions, subsequently, I will introduce three simulation scenarios
including:

• First Scenario: Since most of the traditional anti-sloshing methods just
worked for the straight line. Therefore, to be fair, we will compare the per-
formance of different trajectory planning methods given the same amount of
transferring time and distance.

• Second Scenario: To efficiently navigate through this environment and min-
imize traversal time, a flatness-based time-optimal trajectory planning strat-
egy is employed. This approach enables the container to dynamically avoid
obstacles while maintaining high-speed and efficient motion along the trajec-
tory.
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• Third Scenario: This scenario builds upon the second by introducing white
noise into the acceleration input and there is a small changes in model dy-
namics q̈qqpractical (given as below), simulating real-world disturbances and
uncertainties. Here, the effectiveness of the Extended State Observer (ESO)
is demonstrated, as it estimates the disturbances in real-time and enables the
controller to compensate accordingly. This showcases the ESO’s capability
in enhancing system robustness under uncertain conditions.

q̈qqpractical = (1+0.1sin(50t)) q̈qqno (4.4)

4.1 Comparing different motion planning approaches

In this scenario, the container is tasked with traversing from its initial position
at coordinates (0, 0) to a designated endpoint located at (8,6). We compare 4
different motion planning which are basic 212 motions (212), input shaping (IS)
approach, rest-to-rest trajectory (R2R), and time-optimize flatness-based approach
to moving the container from (0, 0) to (8, 6). The transfer time T = 3.5s, and
the total distance is 10m. The (Fig. 4.1) gives us the position of the liquid con-

Figure 4.1: Position of container

Figure 4.2: Velocity of container
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Figure 4.3: Acceleration of container

tainer at each moment in time. A noticeable point is that, although the suggested
R2R and TO trajectories operate at higher velocities compared to the remaining
trajectories (Fig. 4.2), their acceleration is smaller and smoother (Fig. 4.3). Con-

Figure 4.4: Sloshing height in open-loop control

sidering (Fig. 4.4), it is evident that the sloshing height of time optimal TO and
R2R trajectories are suppressed and significantly small compared to IS and 212
trajectories. Especially the proposed TO, which have the smallest acceleration and
smallest sloshing height. Although the TO trajectory could obtain smaller sloshing
in the same period compared to the R2R trajectory, we can clearly see that the R2R
trajectory is more robust with model error since there is no liquid oscillation in the
final position.

4.2 Trajectory Feedforward experiment

The experimental setup for liquid transportation consists of a linear motion system
designed to move a cylindrical container along the x-axis. The system is driven
by a belt transmission and actuated by an R88D-KN04H-ECT servo drive paired
with a 400 W servo motor. The motion control is implemented in velocity tracking
mode, allowing precise regulation of the container’s speed throughout the trajec-
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tory. This setup, developed as part of my thesis, is supported and carried out at
the Motion Control and Applied Robotics Laboratory. It serves as a versatile plat-
form for studying and controlling liquid sloshing phenomena during high-speed or
abrupt movements, and for validating advanced motion control algorithms. The

Figure 4.5: Experimental setup

experiment can be viewed at the following link: https://youtu.be/5opAmY9NtqE.
In this setup, the container follows a reference position of 0 → 800 → 0 mm with
transporting time of 1 second and a phase distance of 800 mm each. The container
has a radius of 60 mm, and the liquid height varies across experiments: 160 mm in
Experiments 1 and 2, and 240 mm in Experiment 3.
Two trajectories are compared: the flatness-based rest-to-rest trajectory (defined in
Equation 2.42) and a conventional 2-1-2 trajectory with a maximum acceleration
of 8100 mm/s² and a maximum velocity of 900 mm/s.
As shown in the video, the flatness-based trajectory not only achieves outstanding
small liquid sloshing performance compared to the 2-1-2 trajectory but also elimi-
nates liquid oscillation at the final state, validating the correctness of the proposed
method. Even under model error—such as added liquid mass—the flatness-based
trajectory exhibits strong robustness, with only minor sloshing observed in the final
phase.

4.3 Controller tracking performance of time optimal trajectory

In this scenario, the container embarks on a journey from its starting point at co-
ordinates (0, 3) to reach a target location specified at (10,2). The path, however,
is obstructed by two rectangular obstacles lying in {(x,y) : 1 < x < 2,1 < y < 5}
and {(x,y) : 1 < x < 2,1 < y < 5}. In the simulation, we use the white noise in
(Fig. 4.7) as the lumped disturbance that directly impacts the liquid sloshing sys-
tem. The Equation 2.64 is being optimized to find an appropriate trajectory to
achieve our goal. The constraint is ηn(max) <= 0.01. And four of our controllers
would tracking this flatness-based trajectory. As illustrated in Figures 4.8, 4.9,
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Figure 4.6: Displacement of container position along xy-axis - second scenario

Figure 4.7: Unknow disturbance for both x-axis and y-axis

and supported by the data in Table 4.2, the TSMC outperforms the LMPC, SMC,
and LQR controllers in terms of tracking accuracy. Despite minor oscillations in
the maximum sloshing height caused by external disturbances, the state position qqq
under TSMC remains stable and closely follows the desired trajectory. Table 4.2
further details this comparison using four distinct performance metrics. Figures
4.10 and 4.11 show that the container’s velocity remains well-regulated across all
controllers, even when subjected to significant disturbances. In contrast, the slosh-
ing mass velocity, ṁn, is noticeably affected by these disturbances. The LMPC,
in particular, exhibits poor control performance for q̇qq, highlighting one of its main
limitations—its reduced effectiveness under large disturbances. Among the com-
pared controllers, TSMC demonstrates the most effective suppression of sloshing
in the final steady state. Although the TSMC has better tracking performance
compared to two other controllers, there is no major difference in the control ef-
fort between them as can be seen in (Fig. 4.12). The (Fig. 4.13) represents the
error estimation of immeasurable velocity q̇qq, which is small enough. The peaks of
the plot are mainly caused by the rapid change of white noise disturbance and its
amplitude.
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Figure 4.8: Dislplacement of sloshing mass mn and sloshing height q̇qq - second scenario

Figure 4.9: Error of container position throughout the process in a time domain - second
scenario

4.4 Sloshing height constraint for rest-to-rest trajectory

To suppress sloshing during motion, we apply the Control Barrier Function (CBF)
described in Section 3.3.2, along with a hard constraint in the LMPC formulation to
limit the maximum sloshing height to ηmax = 0.01 m. In this scenario, the container
moves from the initial position (0,3) to the target position (10,5), while avoid-
ing a rectangular obstacle located within the region {(x,y) : 4 < x < 6, 1 < y < 7}.
White noise (shown in Fig. 4.7) is included as a lumped disturbance throughout the
simulation. To bypass the obstacle, the container is guided through the intermedi-
ate point (3,0). If we use a rest-to-rest trajectory based on flatness interpolation,
the trajectory is given by:

y1 = xi +(x f − xi)τ
5(216−450τ +540τ

2 −315τ
3 +70τ

4)

y2 = yi +(y f − yi)(−5τ2 +2τ
2
2 +4τ

3
2 )

(4.5)

where τ = (t − ti)/(t f − ti) and τ2 = (y1 − xi)/(x f − xi). The resulting trajectory is
illustrated in Figure 4.14: Since CBF can be implemented in real-time, they are
suitable for this problem, which requires immediate response to unknown distur-
bances, and ensures safety constraints are continuously respected, as can be seen
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Figure 4.10: Velocity of sloshing mass mn and velocity of container - second scenario

Figure 4.11: Velocity of sloshing mass mn and velocity of container - second scenario

in (Fig 4.15). In the LMPC design, the sloshing height constraint is enforced as a
hard constraint, meaning that any violation of this limit is strictly prohibited dur-
ing optimization. However, there is still a small violation of the maximum sloshing
height at t = 5.2s. To satisfy the system’s safety constraints, some deviation
from the desired trajectory must be allowed. Specifically, the y-axis acceleration
is constrained to ensure that ηn ≤ ηmax, as shown in Figure 4.19. Consequently,
both the position Figure4.16 and the velocity (Figures 4.17 and 4.14) along the
y-axis deviate from the intended path. As a result, the system requires more time
to reach the target position. In Table 4.3, overall, we could conclude that the pro-
posed TSMC-CBF methods has better performance compared to LMPC. In terms
of computational efficiency, Figure 4.20 presents both the execution and total sim-
ulation times. The TSMC-CBF controller significantly outperforms the LMPC,
achieving an total simulation time of just 17.2 seconds compared to LMPC’s 100.5
seconds. Initialization is also faster, taking only 0.7 second versus 1.8 seconds for
LMPC. Moreover, the TSMC-CBF simulation consumes only 14.17 MB of mem-
ory, which is substantially lower than the 79.36 MB required by the LMPC. These
results underscore the superior efficiency of the TSMC-CBF controller, making
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Figure 4.12: Control signal input: acceleration of container - second scenario

Figure 4.13: Error estimation of state variable q̇qq - second scenario

it well-suited for applications demanding rapid computation and low resource us-
age. Simulations were conducted in the Simulink environment using the ode45
solver with a variable time step configuration, on a system equipped with a Ryzen
7 5800HS CPU, 16 GB of RAM, and an NVIDIA GeForce GTX 1650 GPU.
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Table 4.2: The performance index in second scenario

Output
variable

Control
Strategy ISE ITSE IAE ITAE

xn

TSMC
LMPC
SMC
LQR

1.0237 ×10−08

4.7563 ×10−08

1.8276 ×10−08

1.4423 ×10−06

5.0135 ×10−08

2.4481 ×10−07

1.0545 ×10−07

8.1083 ×10−06

2.5316 ×10−04

5.3215 ×10−04

3.6282 ×10−04

3.0096 ×10−03

1.2396 ×10−03

2.7552 ×10−03

2.0273 ×10−03

1.6351 ×10−02

yn

TSMC
LMPC
SMC
LQR

1.2633 ×10−08

6.4814 ×10−08

5.4068 ×10−08

2.3720 ×10−06

4.8006 ×10−08

2.6302 ×10−07

2.7096 ×10−07

1.0481 ×10−05

2.7679 ×10−04

6.2686 ×10−04

5.9940 ×10−04

3.8289 ×10−03

1.1470 ×10−03

2.7018 ×10−03

3.0303 ×10−03

1.6861 ×10−02

x0

TSMC
LMPC
SMC
LQR

1.2020 ×10−03

2.5569 ×10−03

1.3152 ×10−03

1.7351 ×10−01

7.7336 ×10−03

1.5023 ×10−02

8.1633 ×10−03

1.0074 ×10+00

8.9321 ×10−02

1.2964 ×10−01

9.2962 ×10−02

1.0553 ×10+00

5.5439 ×10−01

7.8171 ×10−01

5.5972 ×10−01

6.1986 ×10+00

y0

TSMC
LMPC
SMC
LQR

3.2502 ×10−04

1.4751 ×10−04

1.4740 ×10−03

6.4484 ×10−02

1.3566 ×10−03

4.3570 ×10−04

7.3974 ×10−03

2.7513 ×10−01

4.3126 ×10−02

2.6986 ×10−02

9.6093 ×10−02

5.9677 ×10−01

1.8666 ×10−01

9.7528 ×10−02

4.9209 ×10−01

2.5986 ×10+00

Figure 4.14: Displacement of container position along xy-axis - third scenario

Figure 4.15: Dislplacement of sloshing mass mn and sloshing height q̇qq - third scenario
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Figure 4.16: Displacement of container position throughout the process in a time domain
- third scenario

Figure 4.17: Velocity of sloshing mass mn and velocity of container - third scenario

Figure 4.18: Velocity of sloshing mass mn and velocity of container - third scenario
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Figure 4.19: Control signal input: acceleration of container - third scenario

Table 4.3: The performance index in third scenario

Output
variable

Control
Strategy ISE ITSE IAE ITAE

xn
TSMC
LMPC

1.5187 ×10−09

1.2278 ×10−07
7.7480 ×10−09

6.6849 ×10−07
9.4906 ×10−05

7.0036 ×10−04
4.8354 ×10−04

3.6212 ×10−03

yn
TSMC
LMPC

1.0977 ×10−06

8.7498 ×10−07
5.9487 ×10−06

4.8212 ×10−06
1.8290 ×10−03

1.5902 ×10−03
1.0521 ×10−02

8.4916 ×10−03

x0
TSMC
LMPC

6.4100 ×10−07

1.1877 ×10−02
3.9084 ×10−06

5.2317 ×10−02
1.8202 ×10−03

2.4572 ×10−01
1.1304 ×10−02

1.1212 ×10+00

y0
TSMC
LMPC

5.8822 ×10−02

2.2733 ×10−02
3.6575 ×10−01

1.4088 ×10−01
4.5705 ×10−01

3.7848 ×10−01
3.0114 ×10+00

2.3157 ×10+00
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Figure 4.20: Compare controllers simulation time
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CONCLUSIONS

In this comprehensive study, our exploration of the sloshing system’s flat output
has yielded promising insights into tackling the sloshing suppression challenge
through the design of a well-suited trajectory and the proposed control methodol-
ogy.

• First time introduce the approximate flat output of nonlinear mass-spring-
damper system. Analyze the errors in moving in straight line, curvy 2D tra-
jectory.

• Presenting an innovative flatness-based time-optimal avoid obstacle trajec-
tory, that offers significant improvements in the overall performance of liquid
transfer systems and the traditional rest-to-rest trajectory for simplicity.

• For the LMPC, it is enables multiple constraints if we want to manipulate
more state variables, for instance sloshing height and container’s velocity.
And also the Lyapunov constraint guarantees the system to converge.

• To ensure effective trajectory tracking, we’ve proposed the utilization of
the novel control strategy known as TSMC-ESO combined with CBF. The
TSMC-ESO controller is designed to ensure precise tracking of the recom-
mended trajectory and enhance precision, while the CBF meets the require-
ments, constraints, and reliability of the liquid transfer process.

However, there are still some disadvantages in this study

• The trajectory references are generated offline. In other words, the trajectory
just suitable for the static obstacles, and its position must be known.

• Since the proposed flat output is only available for an approximate nonlinear
mode. The novel flat output must be carefully evaluated before being applied
in the path planning stage due to the model error depending on the sloshing
height

• All the proposed algorithm are model-based methods. Therefore, it requires
quite precise knowledge about the model to have the best performance.

In this study, several limitations need to be acknowledged and addressed. Firstly,
the proposed work has not been validated through practical experiments, which
restricts the confirmation of its real-world applicability and performance. Ex-
perimental validation is crucial to ensure that the theoretical results hold under
actual conditions and account for potential unforeseen dynamics. Secondly, the
control method proposed in this study requires complex calculations, which could
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pose challenges for real-time implementation, especially in systems with limited
computational resources or stringent timing requirements. Finally, this study does
not focus on a specific physical platform, which could limit its direct application
to existing systems. The control methodology assumes that acceleration serves
as the control signal, a simplification that may not align with the constraints or
configurations of all practical systems.

While my theoretical groundwork is robust, the numerical simulation is to
validate my method in terms of control response, safe constraints, time optimiza-
tion, and obstacle avoidance. However, the next crucial step is to validate our
findings through practical experiments to confirm the real-world applicability and
efficacy.
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