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1. INTRODUCTION

Figure 1. Liquid sloshing 
system applications

Finite Element Method [1] Smoothed Particle 
Hydrodynamics [2] 

Equivalent Discrete 
Mechanical Model[3] 

Figure 1. Different approaches of liquid sloshing models

Figure 2. Anti wave baffles

[1] Kolukula, Siva Srinivas, and P. Chellapandi. "Nonlinear Finite Element Analysis of Sloshing." Advances in Numerical Analysis (2013).
[2] Schörgenhumer, Markus, and Andreas Eitzlmayr. "Modeling of liquid sloshing with application in robotics and automation." IFAC-PapersOnLine 52.15 (2019): 253-258.
[3 ] Bauer, Helmut F. "Nonlinear mechanical model for the description of propellant sloshing." AIAA Journal 4.9 (1966): 1662-1668.
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1. INTRODUCTION

- container moving 
from A to B

- suppress the liquid 
sloshing height

- ensure maximum 
liquid sloshing height 
in acceptable range

- avoid static obstacle

problem formulation solution

motion planning:
- generating path from A to B
- maximum liquid sloshing height 

in acceptable range

controller:
- trajectory tracking
- liquid sloshing suppressing

extended observer
- estimate unmeasured state 

variable
- estimate disturbance
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2. MODELING

Euler-Lagrange equation

𝑑

𝑑𝑡

𝜕𝑇

𝜕 ሶ𝑥𝑛
−

𝜕𝑇

𝜕𝑥𝑛
+

𝜕𝑉

𝜕𝑥𝑛
= −

𝜕𝐷

𝜕 ሶ𝑥𝑛
𝑑

𝑑𝑡

𝜕𝑇

𝜕 ሶ𝑦𝑛
−

𝜕𝑇

𝜕𝑦𝑛
+
𝜕𝑉

𝜕𝑦𝑛
= −

𝜕𝐷

𝜕 ሶ𝑦𝑛

assumption: consider
acceleration of the
container [ ሷ𝑥0 ሷ𝑦0] as
control input

Equation of Motion in matrix form:

𝒒 = 𝑥1 𝑦1 𝑥0 𝑦0 𝑇

𝑴 𝒒 ሷ𝒒 + 𝑪 𝒒, ሶ𝒒 ሶ𝒒 + 𝑮 𝒒 = 𝑸𝒖

ҧ𝜂 =
𝜉1𝑛
2 ℎ𝑚𝑛

𝑚𝐹𝑅
𝑥1
2 + 𝑦1

2

2.1 Mathematical Model

ሷ𝑥0 ሷ𝑦0
𝑇

equations of 
motion
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2. MODELING

2.2 Flat output of the liquid sloshing system 

Euler-Lagrange equation of motion:      𝑴 𝒒 ሷ𝒒 + 𝑪 𝒒, ሶ𝒒 + 𝑮 = 𝑸𝒖

Ignoring inertial cross-coupling 
terms, and small nonlinear 
terms. Setting 

𝑣𝑥1 = 𝑥1 +
𝛽

6
𝑥1
3

𝑣𝑦1 = 𝑦1 +
𝛽

6
𝑦1
3

flat domain:                         ሶ𝒛 = 𝑨𝒇𝒍𝒂𝒕𝒛 + 𝑩𝒇𝒍𝒂𝒕𝒗,

𝒛 = 𝑧1 𝑧2 ሶ𝑧1 ሶ𝑧2 ሷ𝑧1 ሷ𝑧1 𝑧1
(3)

𝑧2
(3) 𝑻

Inspired by [4]

𝐱𝑠
𝐲𝑠

=
𝐀𝑓2𝑠 𝟎5×6
𝟎5×6 𝐀𝑓2𝑠

𝐳𝑠1
𝐳𝑠2

[4] Lévine, Jean, and Dinh Viet Nguyen. "Flat output characterization for linear systems using 
polynomial matrices." Systems & control letters 48.1 (2003): 69-75.
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2. MODELING

2.3 Flatness-based trajectory

𝑧1 = 𝑓(𝑥1, ሶ𝑥1, 𝑥0, ሶ𝑥0)

𝑥1 = 𝑓𝑥1 ሷ𝑧

𝑥0 = 𝑓𝑥0 𝑧1, ሶ𝑧,1 ሷ𝑧1

𝑢𝑥 = 𝑓𝑢𝑥 𝑧1, ሶ𝑧1, ሷ𝑧1, 𝑧1
(3)
, 𝑧1

(4)

flat output state variables (similar for y-axis)

𝒙𝒓 ሶ𝒙𝒓 ሷ𝒙𝒓
𝑻

𝑧1 𝑡

= 𝑧1 𝑡𝑖 +
𝑡 − 𝑡𝑖
𝑡𝑓 − 𝑡𝑖

𝑟+2

෍

𝑘=0

𝑟+1

𝛼𝑘
𝑡 − 𝑡𝑖
𝑡𝑓 − 𝑡𝑖

𝑘

𝑧2
= 𝑧2𝑖

+ 𝑧2𝑓 − 𝑧2𝑖
𝑧1 − 𝑧1𝑖
𝑧1𝑓 − 𝑧1𝑖

൭

൱

𝑐2
𝑧1 − 𝑧1𝑖
𝑧1𝑓 − 𝑧1𝑖

2

+ 𝑐1
𝑧1 − 𝑧1𝑖
𝑧1𝑓 − 𝑧1𝑖

+ 𝑐0
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2. MODELING

2.3 Flatness-based trajectory

𝑧1 = 𝑓(𝑥1, ሶ𝑥1, 𝑥0, ሶ𝑥0)

𝑥1 = 𝑓𝑥1 ሷ𝑧

𝑥0 = 𝑓𝑥0 𝑧1, ሶ𝑧1 ሷ𝑧1

𝑢𝑥 = 𝑓𝑢𝑥 𝑧1, ሶ𝑧1, ሷ𝑧1, 𝑧1
(3)
, 𝑧1

(4)

𝑴 𝒒 ሷ𝒒 + 𝑪 𝒒, ሶ𝒒 + 𝑮 𝒒 = 𝑸𝒖 ሶ𝒛 = 𝑨𝒚. 𝐳 + 𝐁𝐲𝒗

𝒙𝒓 ሶ𝒙𝒓 ሷ𝒙𝒓
𝑻

min 𝐽 =෍

=1

𝑁

Δ𝑡[𝑘]

𝑠. 𝑡. 𝐳 𝑘 + 1 = 𝒛 𝑘 + Δ𝑡 𝑘 . 𝐴𝑓𝑙𝑎𝑡𝑧[𝑘] + 𝐵𝑓𝑙𝑎𝑡𝑣

ҧ𝜂𝑛 < ҧ𝜂𝑚𝑎𝑥

𝒖 < 𝑢𝑚𝑎𝑥

𝑅𝑒𝑐𝑡 = σ𝑗=1
2 𝑥 − 𝑠𝑗 + 𝑦 − 𝑠𝑗+2 > 𝑠1 − 𝑠2 + 𝑠3 − 𝑠4

𝐳 𝑁 = 𝒛𝑓 ; 𝒛 1 = 𝒛𝒊

flat domain optimization problem

flat 
transformation

reference

inverse-flat transformation
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2. MODELING

2.4 Comparing different motion planning approaches

Figure 2. Container position and sloshing height – feed-forward control
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3. CONTROL METHODOLOGY

extended state 
observer

MPCSMC
flat output function
𝒛 = 𝒛𝟏 𝒕 𝒛𝟐 𝒕 𝑻

conversion function

𝒙𝒓 = 𝚿𝐱(𝐳, ሶ𝒛, ሷ𝒛)

reference trajectories

motion planning

controller

option 1: Lyapunov MPC-based

TSMC

ECBF

QP

option 2: CBF-QP-based
model and observer

control signal

estimated 
states
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3. CONTROL METHODOLOGY

extended state 
observer

MPCSMC

TSMC

ECBF

QP

flat output function
𝒛 = 𝒛𝟏 𝒕 𝒛𝟐 𝒕 𝑻

conversion function

𝒙𝒓 = 𝚿𝐱(𝐳, ሶ𝒛, ሷ𝒛)

reference trajectories

motion planning

controller

option 1: Lyapunov MPC-based

option 2: CBF-QP-based
model and observer

control signal

estimated 
states
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Quadratic Programming (QP): 

𝒖∗ = argmin
𝒖∈∁

𝒖 − 𝒖𝑻𝑺𝑴𝑪
2

subject to

𝐻 = 𝐿 ҧ𝒜𝐻 + 𝐿ഥℬ𝐻𝒖 ≥ −𝛼𝑐𝑏𝑓 . 𝐻

3. CONTROL METHODOLOGY

TSMC-CBF

Safe set

𝒖𝑻𝑺𝑴𝑪
𝒖∗



14

4. NUMERICAL SIMULATION

4.1 First scenario

Figure 3. Container position and sloshing height – time optimal trajectory
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4. NUMERICAL SIMULATION

4.2 Second scenario

Figure 4. Container position and sloshing height – output constraint
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4. NUMERICAL SIMULATION

4.3 Sloshing height constraint for rest-to-rest trajectory

         

        

            
 

  

  

  

  

   

   

 
  

 
  
  
 
 
  
  

 
  
 
 

                                   
Figure 5. Controller’s simulation time comparison
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6. Conclusion

Main contribution:

• Novel flatness modeling

• Flatness-based Rest-to-rest and Time-optimal trajectory planning

• Flexible and stable control via LMPC: 

• Robust control strategy with TSMC-CBF:

Disadvantage:

• Offline trajectory generation 

• Model dependency

• Computationally expensive 

• The control methodology is not validated through an experiment
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